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Abstract 

We develop a Thurston-like theory to characterize geometrically finite rational 
maps, then apply it to study pinching and plumbing deformations of rational maps. 
We show that in certain conditions the pinching path converges uniformly and 
the quasiconformal conjugacy converges uniformly to a semi-conjugacy from the 
original map to the limit. Conversely, every geometrically finite rational map with 
parabolic points is the landing point of a pinching path for any prescribed plumbing 
combinatorics. 
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1 Introduction 
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One of the most important results in complex dynamics is Thurston’s topological char¬ 
acterization of rational maps. It states that a post-critically finite branched covering of 
the 2-sphere with a hyperbolic orbifold is combinatorially equivalent to a rational map if 
and only if it has no Thurston obstructions [Qj. This condition has been proved to be 
necessary for geometrically finite rational maps [3T]. C. McMullen [6] proposed extending 
Thurston’s Theorem to this case. 

This problem has been solved for the sub-hyperbolic case [TD> [20]. In the first part 
of this work, we solve this problem in the presence of parabolic points. The main tool is 
pinching. 

In general, pinching provides a path of quasiconformal deformations of a hyperbolic 
Riemann surface, whose Beltrami differential is supported in a neighborhood of a finite 
disjoint union of simple closed geodesics. Along the deformations the lengths of these 
geodesics shrink to zero. The limit is a stable curve in the Deligne-Mumford compactih- 
cation. 

One may perform such deformations on Riemann surfaces occurring as the quotient 
space of a Kleinian group. See [30] for related results. Pinching has also been applied 
in order to study the parameter space of the dynamics of rational maps [29] . where the 
simple closed geodesics on the quotient space of the rational map are chosen such that 
their lifts to the dynamical space are simple closed curves. 

For our purpose, creating parabolic points from attracting points, we have to choose 
the simple closed geodesics on the quotient space such that their lifts to the dynamical 
space are arcs which join attracting periodic points to the Julia set. Such a choice makes 
the control of the distortion of quasiconformal conjugacy more difficult. 

In this work, we first study pinching on specific simple closed geodesics on the quotient 
spaces of rational maps. We will call this type of pinching simple pinching. By using the 
length-area method to control the distortion of quasiconformal conjugacy, we prove that 
the pinching path is convergent. This result was generalized to other cases [18]. 

Plumbing is a surgery on a nodded Riemann surface which is like an inverse to pinching: 
it replaces pairs of cusp neighborhoods by thin annuli. We will apply this surgery to create 
attracting points from parabolic points in the dynamics of rational maps. 

Begin with a semi-rational map with parabolic points. We start by constructing a 
sub-hyperbolic semi-rational map by plumbing. We prove that if the original map has 
neither a Thurston obstruction nor a connecting arc, which can be viewed as a degenerate 
Thurston obstruction, then the resulting semi-rational map has no Thurston obstruction. 
Now applying the characterization theorem obtained in [HIl ED] and the above result on 
simple pinching, we obtain a rational map that is c-equivalent to the original semi-rational 
map. 

Simple pinching can also be used to study a conjecture proposed by L. Goldberg and 
J.Milnor [15j, which states that if a polynomial has a parabolic cycle, then its immediate 
basins can be converted to be attracting by a small perturbation without changing the 
topology of the Julia set. We prove this conjecture in the setting of geometrically finite 
rational maps. Refer mmm and [22, 23j for proofs of the same conjecture in various 
settings, but with different methods. 

The second part of this work is devoted to general pinching of rational maps. Un¬ 
fortunately, the distortion control for simple pinching is not valid in the general case. 
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We start by studying plumbing instead of pinching. We develop a new distortion con¬ 
trol for univalent maps, then show that any plumbing of a geometrically finite rational 
map can be realized as a pinching path of a geometrically finite rational map converging 
to the original map. Applying the characterization theorem obtained in the first part, 
we prove that a pinching path is convergent if it satisfies the non-separating condition. 
This condition has been proved to be necessary [46]. As a by-product, we show that 
the qnasiconformal deformation of a geometrically finite rational map supported on a 
non-separating multi-annulus is bounded in its moduli space. 

The above result is an analogue of Maskit’s theorem pO] for producing cusps, ft is 
known that cusps are dense in the space of boundary groups [33]. It has been asked 
whether cusps are dense in the boundary of a hyperbolic component of rational maps 
[34] . Our results about pinching may be helpful in solving this problem. 

Main results. We now give definitions and statements. Let F be a branched covering 
of the Riemann sphere C with degree degF > 2. Denote by Vl F = {z e C : deg Z F > 1} 
the critical set of F, denote by 

v F = U F n (n F ) 

n> 0 

the post-critical set of F and denote by V' F the set of accumulation points of V F . 
The map F is called post-critically finite if V F is finite, and geometrically finite if 
V F is finite. 

Let / be a rational map of C with deg / > 2. Denote by T / the Fatou set of / and by 
Jf the Julia set of /; refer to [2] or |36j for the definitions. In the literature, the geometric 
finiteness of a rational map / is defined by the condition that Vf D Jf is finite. It turns 
out that the two definitions are equivalent when / is a rational map [8]. 

A geometrically finite branched covering F is called a semi-rational map if 

(1) F is holomorphic in a neighborhood of V F , 

(2) each cycle in V F is attracting or super-attracting or parabolic, and 

(3) any attracting petal at a parabolic periodic point in V' F contains points of V F . 

A semi-rational map F is called sub-hyperbolic if V' F contains no parabolic cycles. 

See [36] or §2.6 for the definitions of attracting petals and attracting flowers. The 

condition (3) implies that any attracting petal at a parabolic periodic point in V' F contains 
infinitely many points of V F . 

Let F be a semi-rational map. An open set U C C is called a fundamental set of F 
if U C F~ l {U) and U contains every attracting and super-attracting cycle in V F and an 
attracting flower at each parabolic cycle in V' F . 

A fundamental set could be the empty set if F is post-critically finite. It is contained 
in the Fatou set if F is a rational map. 

Two semi-rational maps F and G are called c-equivalent if there exist a pair of 
orientation-preserving homeomorphisms ( 0 , - 0 ) of C and a fundamental set U of F such 
that: 

(a) 0 o F = G o - 0 , 

(b) 0 is holomorphic in U, 

(c) 0 = 0 in U U V F and 0 is isotopic to 0 rel U U V F . 

Let G be a semi-rational map with parabolic cycles in V' G . An open arc (5 C C JPg 
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which joins two points z 0 , Z\ £ V' G is called a connecting arc if: 

(i) either zq J z\, or zq = Z\ and both components of C\/3 contains points of Vq, 

(ii) ft is disjoint from a fundamental set of G, and 

(iii) /3 is isotopic to a component (3 of G~ p (/3 ) rel Vq for some integer p > 0, i.e. there 
exists an isotopy H : [0,1] x C —* C with H( 0, •) = id and H(t , •) = id on Vg for t £ [0,1] 
such that H(l,j3) = j3. 

Theorem 1.1. (Unicity) Two c-equivalent geometrically finite rational maps with infi¬ 
nite post-critical sets are holomorphic conjugate in the isotopy class of the c-equivalence. 

Theorem 1.2. (Existence) A semi-rational map with infinite post-critical set is c- 
equivalent to a rational map if and only if it has neither Thurston obstructions nor con¬ 
necting arcs. 

See [11, 32] or §4 below for the definition of Thurston obstructions. In order to prove 
Theorem 11.21 we first establish the following two results which have independent interest. 
See §5 for the precise definition of pinching. 

Theorem 1.3. (Simple pinching) Let f be a geometrically finite rational map and let 
ft = ft'^fc’ft 1 (t > 0) be a simple pinching path starting from f = f 0 . Then the following 
properties hold: 

(a) fi converges uniformly to a geometrically finite rational map g as t —> oo. 

(b) (j) t converges uniformly to a continuous onto map (p of C as t —>• oo. 

(c) tpo f — go tp and <p : Jf —>• J g is a homeomorphism. 

Theorem 1.4. (Simple plumbing) Any geometrically finite rational map with parabolic 
cycles is the limit of a simple pinching path starting from a sub-hyperbolic rational map. 

Denote by TX d the space of holomorphic conjugate classes of rational maps of degree 
d > 2. For [/] £ 9R d , define Wl[f] C VJt d by [g\ £ Wl[f) if g is quasiconformally conjugate 
to /. 

Refer to §5 for the definition of non-separating. 

Theorem 1.5. (Pinching) Let f be a geometrically finite rational map. Let ft — fit° f ° 
fif 1 (t > 0) be a pinching path starting from f — fo and supported on a non-separating 
multi-annulus. Then the following properties hold: 

(a) ft converges uniformly to a geometrically finite rational map g as t -* oo. 

(b) fit converges uniformly to a continuous onto map of C as t —>• oo. 

(c) (p(J f ) = J g . 

(d) m[g] C &m[f]. 

The pinching deformation can be reversed via a plumbing surgery on the limit rational 
map g. The complete set of possibilities for plumbing can be encoded by a finite set of 
combinatorial data - plumbing combinatorics; see §10.1 for the definition. 

Theorem 1.6. (Plumbing) Let g be a geometrically rational map with parabolic cycles 
and let a be a plumbing combinatorics of g. Then there exist a geometrically finite rational 
map f and a pinching path f t = fi t ofo fit 1 (t > 0) starting from f = fo such that f t is 
a plumbing of g along a and {f t } converges uniformly to g as t —* oo. 
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For each [/] G DJt d and any non-separating multi-annulus £/ in its quotient space, 
define sf\ C 9Jt[/] by [g] G Dlt[/, £/] if there exists a quasiconformal map 0 of C such 
that g o 0 = 0 o / and the Beltrami differential of 0 is supported on 7 t0 1 ( i g/). In general, 
9Jt[/] need not have compact closure in DJl d . However, we have: 

Theorem 1.7. (Boundedness) Let f be a geometrically rational map and let srf be 
a non-separating multi-annulus. Then D)X[f, sf\ is compactly contained in 9Jl d and any 
rational map in the closure of dJt [/, sf\ is geometrically finite. 

Outline of the paper. In §2, we recall some basic results which will be used in the 
sequel. Most of them are known except for some lemmas whose proofs are not difficult. 
In §3 we prove Theorem 11.11 bv considering local conjugacy at parabolic points and the 
boundary dilatation of a c-equivalence. In §4 we begin by recalling Thurston’s Theorem. 
Then we show that geometrically finite rational maps have no connecting arcs, which is 
the necessary part of Theorem 1 1.21 We also show that Thurston’s algorithm is convergent. 
In §5 we give the definition of the pinching path of a rational map through a favorable 
model. The proof of Theorem 11.31 is given in §6. 

In §7 we prove Theorem II .41 and complete the proof of Theorem 11.21 The strategy is to 
make a detour to sub-hyperbolic semi-rational maps via plumbing and pinching: Starting 
with a semi-rational map G, we first construct a sub-hyperbolic semi-rational map F from 
G by simple plumbing. Then we show that F has no Thurston obstructions and thus is 
c-equivalent to a rational map /. Finally we show that the simple pinching limit of / is 
a rational map c-equivalent to G. 

In the last three sections, we study general pinching and plumbing. In §8 we define a 
new type of distortion for univalent maps and give a control for it using a property of the 
domains of the univalent maps. Then we apply this distortion control to the dynamics of 
rational maps. The proofs of Theorems 11.5111.61 and 11.71 are given in the last two sections. 

The proof of Theorem 11.51 is different from the proof of Theorem 11.31 and is quite 
involved. This is because the distortion control in the proof of Theorem 11.31 cannot be 
applied to general pinching. We start with a rational map / and its pinching path; 
instead of showing directly that the pinching path is convergent, we first construct a 
semi-rational map G from the limit of truncated quasiconformal maps whose convergence 
is easy to prove. Then we show that the map G has neither Thurston obstructions nor 
connecting arcs, and hence is c-equivalent to a rational map g by Theorem 11.21 This 
provides us the candidate limit map g of our pinching path. Now using a similar strategy 
as in the proof of Theorem 11.21 we plumb g and then pinch. We have to check that we get 
exactly the same pinching path, and that it converges uniformly to g by the distortion 
control established in Theorem 18.41 

Notation. The following notation and conventions will be used in this paper. 

B(z 0 , r) = {z E C : \z - z 0 \ < r} for z 0 G C and r > 0. 

B(r) = 0(0, r) and D = D(0,1). 

B*(r) = B(r)\{0} and O* = B*(l). 

A(^ 0 ; r i, rf) — {z G C : rq < \z — Zq\ < r 2 } for zo G C and 0 < ri < r 2 . 

A(r\, J~ 2 ) = {z G C : rq < \z\ < r 2 } for 0 < rq < r 2 

A(r) = {z G C : 1/r < \z\ < r} for r > 1. 
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C = C U { 00 } is the Riemann sphere and C* = C\{0}. 

U m V if U C V for open sets U, V C C. 

A disk is a Jordan domain in C. 

An annulus A\ is contained essentially in another annulus A 2 if A\ C A 2 and A\ 
separates the two boundary components of A 2 . 

2 Preliminaries 

2.1 Modulus and extremal length 

Let A C C be an annulus such that each of its two complementary components contains at 
least two points. Then there exist a constant r > 1 and a conformal map xa '■ A —> A(r), 
where r is unique and Xa is unique up to post-composition of a rotation and an inversion 
ml/z. 

• The modulus of A is defined by mod A = (logr)/- 7 r. 

• Xa~{ z '■ ar S z = 0} is a vertical line in A for 0 < 6 < 27r, 

• Xa i z '■ \ z \ = P) i s a horizontal circle in A for 1 /r < p < r and 

• e(A) = Xa 1 { z '■ \ z \ = 1} i s the equator of A. 

Refer to [ST] Theorem 2.1 for the next lemma (the statement is slightly different but 
with the same proof). 

Lemma 2.1. Let A C C be an annulus with mod A > -jp 2 and let zo be a point in 

the bounded component of C\A. Then there exists an annulus A(z 0 ; fi, r 2 ) contained 

essentially in A such that 


modA(z 0 ;r 1 ,r 2 ) > mod A 


5 log 2 
2vr 


The modulus of an annulus is related to extremal length as follows. Let p(z) be a 
non-negative Borel measurable function on A satisfying 


0 < Area(p, A) = / / p 2 (z)dxdy < 00 . 


The p-length of a locally rectifiable arc a C A is: 


L(p,a) = 

Let Height(p, A) be the infimnm of L(p,a ) over all locally rectifiable arcs a C A which 
join the two components of C\A. Let Width(p, A) be the inhmum of L(p, 7 ) over all 
locally rectifiable Jordan curves 7 C A which separate the two components of C\A. The 
following classical inequalities (refer to [ 23 ]) will be used several times in this paper. 

Lemma 2.2. 

Height(p, A ) 2 Areajp, A) 

Area(p, A) “ “ Width(p, A ) 2 

Both equalities hold for p(z) = |(log / \ 2 i) / (^)|? which is called an extremal metric of A. 


p(z)\dz\ 
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A (topological) quadrilateral Q = Q(a, a') is a disk Q in C together with a pair of 
open arcs a, a! C dQ that have disjoint closures. We will call the two arcs a and a! the 
horizontal sides of Q, and the two arcs 9Q\(aUa') the vertical sides of Q. There 
exist a unique constant b > 0 and a conformal map 


Xq ■ Q -t Rb = {z = x + iy : 0<x<l, 0 <y<b} 

such that the continuous extension of \Q maps the two horizontal sides (a, a') onto the 
two horizontal sides (0,1) and ( ib , 1 + ib ) of the rectangle Rb■ 

• The modulus of Q is defined by mod Q = b. 

• X(p{ x + W ■ x = x 0 } is a vertical line of Q for 0 < x 0 < 1 and 

• Xq{ x + W '■ V = U 0 } is a horizontal line of Q for 0 < y 0 < b. 

Lemma 12.21 also holds for the quadrilateral Q , where Height (p, A) and Width(p, A) 
are replaced by the following: Height (p,Q) is the inhmum of the p- length of all locally 
rectifiable arcs in Q which join the two horizontal sides of Q, whereas Width( / o, Q) is the 
inhmum of the p-lcngth of all locally rectifiable arcs in Q which join the two vertical sides 
of Q. The following two lemmas will be used in the proof of Lemma 15.81 

Lemma 2.3. (From quadrilaterals to an annulus) Let Qi(aj,a') (1 < i < n) be 

quadrilaterals such that U = A is an annulus and 

n n 

(J(d<2i\o:') = d + A = |Jo“ (2.1) 

i= 1 i= 1 

where d + A is one of the two components of dA (see Figure 1(a)). Then 


1 n 1 
1 <V-1 -. 

mod A / --j' mod Qi 

Proof. Set pi(z ) = on Qi and Pi(z) = 0 elsewhere for 1 < i < n. Then 


Area(pi, Qf) = 

Set p(z) = max{pj( 2 :)}. Then 


mod Qi 


and Height (pj, Qf) — 1. 


Area (p, A) < 


mod Qi 


By assumption (2.1), the other component of dA is contained in Uo'. Let <5 : (0,1) —* A 
be a locally rectifiable arc in A which joins the two components of dA. By the second 
equation of condition (2.1), one end of 5 must be contained in oq for some 0 < j < n. By 
the first equation of the condition, either 5 is totally contained in Qj and hence the other 
endpoint of 5 lands on a), or 5 intersects a). In both cases, we have L(p, 5) > L(pj , <5) > 1. 
So Height(p, A) > 1. Now the lemma follows from Lemma [2.21 □ 

A quadrilateral Qo(&o, «o) is a sub-quadrilateral of a quadrilateral Q(a, a') if Qq C 
Q and (uq U a ' 0 ) C (a U a'). 
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Figure 1. (a) Four quadrilaterals form an annulus, (b) Sub-quadrilaterals. 


Let Q be a quadrilateral and let Qi,Q 3 C Q be disjoint sub-quadrilaterals of Q such 
that each of the two vertical sides of Q is a vertical side of Q i or Q 3 . Let /3\ and 0 3 be 
vertical lines in Q i and () 3 , respectively. Then we get a sub-quadrilateral Q 2 of 0 such 
that (ft, ft) are vertical sides of Q 2 . Let Q\ 2 — Qi fl Q 2 , which is a sub-quadrilateral of 
Q i and Q 2 . Let Q 23 = Q 3 fl Q 2 , which is a sub-quadrilateral of Q 3 and Q 2 (see Figure 
2(b)). Let 

M = max{mod(5i2, mod (523,11- 

Lemma 2.4. (Three overlapping quadrilaterals) 


1 

mod Q 




M 2 

mod Qi 


Proof. Set Pi{z) = on Qi and p,{z) = 0 otherwise for i — 1,2, 3. Then 


Area(pi, Qf) = 


and Height (p i ,Q i ) = l. 


mod Qi 

Set p{z) = max{pi(z) : i — 1, 2, 3}. Then Q = E\ U E 2 U E 3 , where Ei is defined by 


Ei = {z e Q : p(z) = Pi(z)}, i = 1,2, 3. 
Since p(z) > 0 for z E Q, we have E % C Qi and 


Area(p, Q) < Area(p, E\) + Area(p, E 2 ) + Area(p, E 3 ) 

= Area(pi, Ef) + Area (p 2 , E 2 ) + Area(p 3 , E 3 ) 

< Area(pi, Qi) + Area(p 2 , Q 2 ) + Area(p 3 , Q 3 ) 
111 
modQi mod Q 2 modQa 

Since (3 1 is a vertical line in Qi, the quadrilateral Q i2 becomes a rectangle in the 
rectangle model of Q { . Therefore p 3 restricted to Q\ 2 is an extremal metric of Qi 2 . Thus 

Area(pi, Q\ 2 ) = Width(p 3 , Q l2 ) = - . 

mod < 5 i 2 













Similarly, 


Area(p 3 , Q 23 ) = Width(p 3 , Q 23 ) = - —— . 

mod Q 23 

For any arc a in Q which joins the two horizontal sides of Q, either a is contained in 

Qi for some i G {1, 2, 3} and joins the two horizontal sides of Qi , or a intersects the two 

vertical sides of either Q i 2 or Q 23 . In the former case, 

L(p,a) > L(pi, a) > Height (p u Qi) = 1. 

I 11 the latter case, suppose a intersects the two vertical sides of Q i 2 ; then there is a sub-arc 
a' of a which stays in Q 12 and joins the two vertical sides of Q 12 . Thus 

L(p,a) > L(p,a') > L(p 1 ,a l ) > Width(pi, Q 12 ) = - 

mod Q 12 M 

I 11 summary, we have L(p,a ) > 1/M and hence Height (p,Q) > 1/M. Applying Lemma 
12.21 we obtain 

1 < Area(p, Q) < M 2 

modQ — Height (p, Q) 2 ~ mod Qi 

□ 

Theorem 2.5. Let {(j>t\ (t > 0) be a family of homeomorphisms of C which converges 
uniformly to a homeomorphism <f of C as t —* 00 . Let A C C be an annulus with 
mod (A) < 00 . Then 

lim mod (j)t(A) = mod 0(A). 

£—>•00 

Proof. We may assume that 0 is the identity by considering the sequence {f t o f 1 }. 
Then {0 t (A)} converges to A as t —)• 00 in the sense of Caratheodory, i.e.: 

(1) any compact subset E C A is contained in 0t(A) once t is large enough, since {0*} 
converges uniformly to the identity as t —> 00 , and 

(2) if U C C is an open set and t 0 > 0 is a constant such that U C 0t(A) for t > t 0 , 
then U C A. 

In fact, for any point z G U , since 4>t{z) converges to the point z as t —» cxd, there 
exists a constant ti > 0 such that G 1/ foe t > t\. Thus (f>t(z) G U C 0t(A) for 

t > max{0o,f]}. So G A. Therefore U C A. 

Each of the two components Ei,E 2 of C\A contains more than one point since 
mod (A) < 00 . Since {0*} converges uniformly to the identity, for i — 1,2, 

lim diam s 0 4 (Ej) = dianqly > 0 . 

t—>00 


Therefore, 


lim sup mod 0<(A) < 00 

t—>00 


by Teichmuller’s Theorem (refer to [T] , Theorem 4-7). Let 

Xt ■ M A ) ->■ B t ■= U ■ l /n < \z\ < r t } 

be a conformal map, where (logr f )/7r = mod 0t(A). Then there exists a constant to ^ 0 
such that the family {xt} (t > to) is uniformly bounded. 
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For any sequence t n £ (t 0 , oo) (n £ N) with t n —> oo as n —> oo, by the Motel principle, 
there exists a subsequence (also denoted by {t n }) and a holomorphic map y 011 A such 
that for any compact set E C A, Xt n converges uniformly to x on E. 

By Caratheodory’s Theorem (refer to [38], Theorem 1.8), either the map x is constant 
or it is univalent, and in the latter case, {B tn } converges to y(A) as n —* 00 , i.e. 

(a) any compact subset E C y(A) is contained in B tn once n is large enough, and 

(b) if U C C is an open set and no > 0 is an integer such that U C B tn for n > n 0 , 
then U C x(A). 

Obviously, the map y is not constant since y fixes the unit circle. Thus { B tn } converges 
to x(A) as n —* 00 . It follows that y(A) — {z : r < \z\ < 1/r} with r = lim^oo r tn ■ 
Therefore, 

lim mod0t ri (A) = lim modi?i n = mody(A) = mod A. 

7 i—>00 n —^00 

□ 


2.2 Quotient maps 

A continuum E C C is full if C \E is connected. By a quotient map of C we mean a 
continuous onto map q of C such that for any point w £ C, q~ l {w) is either a single point 
or a full continuum. 

We will call two quotient maps go and gi of C isotopic rel a closed subset E C C if 
there exists a continuous map H : [0,1] x C —> C such that H( 0, •) = g 0 , H( 1, •) = g 1; 
q t = H(t, •) is a quotient map of C for t £ [0,1] and g i _1 (tc) = q^ 1 (w) for w £ qo(E) and 
t £ [0,1]. Refer to (9] or [[26] for the following lemma. 

Lemma 2.6. Let q be a continuous onto map of C. The following conditions are equiva¬ 
lent. 

(i) The map q is a quotient map. 

(ii) q~~ l (E) is a full continuum if E C C is a full continuum. 

(in) q~ l (E) is a continuum if E C C is a continuum. 

(iv) g _1 (f/) is an n-connected domain if U C C is an n-connected domain (n > 1). 

(v) There exists a sequence of homeomorphisms {f> n } of C such that <f> n converges 
uniformly to q as n —* 00 . 

The following lemma will be used in the proof of Lemma 19.121 

Lemma 2.7. Let J3 be a family of quotient maps of C. Then J2 is equicontinuous if, for 
any point Wo £ C and any disk U C C with wq £ U, there exist a constant 6(wq) > 0 and 
a disk V 3 wq with V C U, such that for any q £ £2, the spherical distance 

dist s (g -1 (<9C/), g -1 (R)) > 6(w 0 ). 

Proof. If J2 is not equicontinuous, then for any e > 0, there exists a sequence {q n } in J2 
and a sequence of pairs ( z n , z' n ) of points in C such that dist s (^ n , z' n ) —> 0 as n —* 00 but 

dist s (g n (z n ), qn{z' n )) > e. (2.2) 

Passing to a subsequence, we assume that {q n {z n )} converges to a point U7 0 - Let U = 
B>(wo,e/2). By hypothesis, there exist a constant S(w 0 ) > 0 and a disk V 3 w 0 with 
V C U, such that 

dist s (g“ 1 (c)f/),g" 1 (R)) > 5(w 0 ). 




When n is large enough, q n (z n ) G V. Thus q n {z' n ) U by (2.2). Therefore, 
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5(w 0 ) < dist(g n 1 (clf/),g ri 1 (l/)) < dist(^ n , 4 ). 


This contradicts the fact that dist s (^ n , z' n ) —> 0 as n —* oo. 


□ 


2.3 Convergence of rational map sequences 

If a sequence of rational maps {f n } is uniformly convergent on C, then it converges to a 
rational map g. Moreover, deg(/ n ) = deg(g) once n is large enough. The next lemma will 
be used in 56.2 and 59.2. 


Lemma 2.8. Let {f n } be a sequence of rational maps with constant degree d > 1. Suppose 
that U C C is a non-empty open set and {f n } converges uniformly to a map g on U as 
n —y oo. Then g is a rational map and deg g < d. Moreover, degg = d implies that {f n } 
converges uniformly to g on C as n —>• oo. 

Proof. By composing Mobius transformations, we may assume that oo G U and /„(oo) —> 
1. Thus, once n is large enough, the function f n has the form 

f / /„ C ,n) ®d,n) 

Jn\Z) = tin - / 7 7 7 7 7 ; 


and k n —* 1 as n —» oo. Since {f n } converges uniformly in a neighborhood of oo and 
f n (oo) —> 1, both {ai, n } and {h,>} are bounded in C. Passing to a subsequence {f nk }, we 
have 

( a l,ri k , • • • , a d,n k i bl,n k , ' ' ' , > ( a l) ' ' ' , a d]b lj ‘ ' ) ^d) as n k OO. 

If ai 7 ^ bj for 1 < f, j < d, let 

(2:-ai)---(z-a d ) 

w) = 7-ry-7-rri 

- Oi) • • • (z - 6 d ) 


then {/ nfc } converges uniformly to g\ on C. Since {f n } converges uniformly to g on U, we 
have g — g\ on U, and {f n } converges uniformly to g on C. 

Otherwise, suppose cp ^ bj for 1 < i, j < d 0 and = bk for do < k < d. Let 

_ (z-ai)---(z- a do ) 

91 Z ( z — bi) ■ ■ - (z — b do ) ' 

Then {f nk } converges uniformly to g\ on any compact subset of C\{ad 0+ i, • • • , a^}. So 
g — g\ on U and hence g is a rational map with deg g = d 0 < d. □ 


2.4 Shrinking Lemma 

Let / be a rational map with deg / > 1. The following lemma is well-known (refer to 
[25] ) and will be used several times throughout this paper. 

Lemma 2.9. Let U C C be a simply-connected domain disjoint fro7n Vf and rotation 
domains. For any domain D d U and any integer n > 1, denote by C n the maximum of 
the spherical diameters of all the components of f~ n (D). Then C n —» 0 as n —>■ oo. 
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Proof. If #/ _1 (P/) < 3, then / is holomorphically conjugate to the power map z i —> z ±d . 
The lemma is easy to check in this case. 

Now we assume that #/ -1 ('P/) >3. If C n -fir 0 as n —> oo, there exists a sequence 
{ilk} hi N with rik —> oo as k — > oo, and there exists a component Dk of f~ nk (D), such 
that the spherical diameter 


diarn s _D fc —> C > 0 as k —> oo. 

Denote by Uk the component of f~ nk (U ) containing Dk and by g k the inverse map of the 
univalent map f nk : Uk —> U. Then {gk} is a normal family on U since gkiU) = Uk is 
disjoint from f~ l (/Pf). Thus there is a subsequence of {gk}, which we will also denote by 
{gk}, which converges uniformly to a holomorphic function g on D. Moreover, g is not a 
constant since diam s ^fc(D) —> C > 0 as k —> oo. Thus g : D —> g(D ) is a univalent map. 

We claim that g(D) C J-f. Otherwise, there is a domain V d g(D) such that V 017/ ^ 
0. So f n (V) covers C with at most two exceptional points once n is large enough. This 
contradicts the fact that f n (V ) C D for infinitely many n G N. Thus g(D) C J-f. 

Since U is disjoint from rotation domains, for any domain W d g(D ), f n (W ) converges 
to a periodic orbit in Vj. On the other hand, once k is large enough, W d gk(D ) 
and f nk \w — g k \w converges uniformly to the univalent map g _1 on W. This is a 
contradiction. Thus C n —> 0 as n —» oo. □ 

2.5 Parabolic points 

By a parabolic fixed point we mean (g, y) where g is a holomorphic map from a 
neighborhood of y G C into C with g{y) = y, such that if y ^ oo, g'(y) = e ® where p 
and q are co-prime positive integers with p < q, and 

3 9 (X) - V = (z - y)(l + c kq (z - y) kq + • • •) 

with Ck q 7 ^ 0 for some integer k > 1 ; or if y = oo, f(z) = l/g(l/z) satisfies the above 
conditions at the origin. Its rotation number is p/q and its multiplicity is kq + 1. Refer 
to [36j, §10, for the following results, with a little modification. 

Attracting/repelling petals and flowers. Let ( g,y) be a parabolic fixed point 
with rotation number p/q and multiplicity kq + 1. Let N C C be a neighborhood of the 
point y such that g is injective on N. Suppose that Vi d N (i — 1, • ■ • , kq) are pairwise 
disjoint disks such that their union V satisfies the following conditions: 

(a) g(V) C V U {y}. 

(b) {g n (z)} y as n —)• oo uniformly on any compact subset of V. 

(c) If {g n {z)} —» y as n —» oo for z G N\{y}, then g n (z ) G V once n is large enough. 
We will call these domains V attracting petals and their union V an attracting 

flower of ( g,y ). A repelling petal and a repelling flower of g are defined as an 
attracting petal and an attracting flower of g _1 , respectively. 

Theorem 2.10. (Leau-Fatou Flower Theorem) Let ( g,y ) be a parabolic fixed point. 
Then there exist an attracting flower V and a repelling flower V such that VUV'U {y} 
is a neighborhood of the point y. 

Theorem 2.11. (Cylinder Theorem) Let V be an attracting flower of the parabolic 
fixed point ( g,y ). Then the quotient space V / (g) is a disjoint union of k cylinders. 
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Denote ^ a = V/(g). We will call it the attracting cylinder of ( g , y). The repelling 
cylinder of (g,y) is defined to be the quotient space c 6.\ = V/(g) of a repelling flower V'. 
Then c 6.’ r is also a disjoint union of k cylinders. The following corollary is easy to prove 
from the fact that every univalent map from a cylinder to itself is surjective. 

Corollary 2.12. Let V <3= IV be a disjoint union of kq disks satisfying conditions (a) and 
(b) in the definition of attracting flowers. If the quotient space V/(g) is a disjoint union 
of k cylinders, then V is an attracting flower. 

The existence of an attracting flower is a complete characterization of a parabolic fixed 
point, by the following lemma. 

Lemma 2.13. Let N C C be a domain and let g : N —» C be a univalent map with a 
fixed point y G N . Suppose that V <s= N is a finite disjoint union of disks with y ^ V 
satisfying the following conditions: 

(a) g(V) CVU{?/}. 

(b) {g n (z)} —* y as n —> oo uniformly on any compact subset ofV. 

(c) If {g n (z)} —y x as n —* oo for z G iV\{x}, then g n (z) G V once n is large enough. 
Then (g, y) is a parabolic fixed point. 

Proof. There exist a component V of V and an integer p > 1 such that g p (V ) cbU {y}, 
by (a). Pick a point z G <9D\{?/} and a Jordan arc 5 0 in V^g p (V) joining the point z 
with g p (z). Let 5 k = g kp (S 0 ) for k > 1. Then 5 k converges to the point y as k —* oo, 
by (b). Let 7 = Lk>iJfc U {g kp (z)}. Then 7 is an arc joining the point g p (z) with the 
point y, and g p ( 7 ) C 7 . Thus by the Snail lemma (refer to [36]) the fixed point y is not a 
Cremer point. Obviously, it is neither repelling nor Siegel. Consequently, it is parabolic 
or attracting. 

If the fixed point is attracting, then there exists a disk D <e N with y G D such 
that g(D) <e D. Let W 0 = V O g(D). Then g(W 0 ) C W 0 . Let IF, = g-\W 0 ) n g(D). 
Then g(Wfl) = W 0 C W\. Inductively, let W n+1 = g~ 1 (W n ) D g(D) for n > 1. Then 

g(w n+1 ) = w n c w n+1 . 

Let E n = dg(D)\g~ 1 (W n ) for n > 1. Then E n is closed and E n+ \ c E n . I 11 particular, 
E n is non-empty. Otherwise, we would have dg(D) C g^iWn). It follows that g(dg(D )) C 
W n . Since g(W n ) C W n ~ 1 for all n > 1, we obtain g n+l (dg(D)) C Wq C V. Since each 
component of V is simply connected and g(D ) <1 D, we get g n+2 (D) C V. This is a 
contradiction since y G g n+2 (D ) but y jL V. 

Set Eoo = fl n >i E n . It is non-empty. Pick a point z G E^. Then z G dg(D) and hence 
g n (z) G g(D ) for all n > 1 , and { 5 ,n (^)} —* y as n — > 00. On the other hand, z ^ 5 ,_ 1 (P // r l ) 
for all n > 1. Thus g(z) G We claim that g n (z) Wq for all n > 1. Otherwise, 

we would have G I'Fi by the dehnition of W\. Inductively, g(z) G W n - 1 and hence 

G W„. This is a contradiction. By the claim and the dehnition of Wo, g n (z) V for 
all n > 1. This contradicts condition (c). Therefore (g,y) is a parabolic hxed point. □ 

Sepals, calyxes and horn maps. Let (g, y) be a parabolic hxed point with rotation 
number p/q and multiplicity kq + 1. Let IV C C be a neighborhood of the point y such 
that g is injective on N. 

Theorem 2.14. (Sepal) There exist Tkq disjoint disks Wj <1 N such that g is a conformal 
map from their union W onto itself and {g n (z)} —> y as n —» 00 uniformly on any compact 
subset o/W. 
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We will call these domains W % sepals and their union W a calyx. There are exactly 
two sepals of W intersecting with an attracting petal; we call them a left sepal and a 
right sepal, as viewed from the parabolic fixed point to the attracting petal. 

Denote by 7r a (respectively 7iy) the natural projection from an attracting (repelling) 
flower to the attracting (repelling) cylinder. For the sake of simplicity, we do not specify 
the domain of the projection n a or n r . This does not cause confusion since if a point is 
contained in two different attracting flowers (or repelling flowers), then its projection is 
independent of the choice of flower. Consequently, both 7T a and 7iy are well-defined on a 
calyx. 

Let W be a calyx. Then both 7r a (W) and 7r r (W) are the disjoint union of 2k one- 
punctured disks. Define 

T g : vr r (W) -)> vr a (>V) by T s (tt r (z)) = tt a (z) for z e\V. 

This is a well-defined conformal map and it is called a horn map of (g,y). 

Regular flowers. Let (g,y) be a parabolic fixed point with rotation number p/q 
and multiplicity kq + 1. Let V be an attracting flower of ( g,y ). Then the projection 
7r a (<9V\{?/}) is a disjoint union of kq arcs and each of the k attracting cylinders contains 
q such arcs. Each arc lands on punctures at both ends, or else the limit set of each arc 
is disjoint from punctures, or else the limit sets of the arcs are complicated sets. On the 
other hand, njf =1 g n (V) is empty, or else contains a calyx, or else is a complicated set. 
To avoid the complexity, we will need a further requirement for attracting flowers in this 
paper. 

An attracting flower V is called regular if D ^ =1 g n (V) is empty, or equivalently, each 
arc in 7r a (<9V\{?/}) lands on punctures at both ends. A regular repelling flower is defined 
similarly. The following proposition will be used in §3: 

Proposition 2.15. (1) Any attracting flower contains a regular attracting flower. 

(2) Let a n C (1 < n < kq) be pairwise disjoint arcs connecting two punctures 
such that each of the k attracting cylinders contains q arcs. Then there exists a regular 
attracting flower V such that 7r a (<9V\{?/}) = U k fl =l a n . 

(3) For any attracting flower V of ( g,y), there exists a regular repelling flower V of 
(g, y ) such that V U {y} U V is a neighborhood of the point y. 

Proof. We only prove the proposition in case that kq = 1. The proof for general case has 
no essential difficulty. 

(1) Let V be an attracting flower of the parabolic fixed point (g, y) and let 7i a : V —> 
% J a = C* be the natural projection to the cylinder. Pick a bi-infinite sequence {w n } in C* 
(n G Z) such that \w n \ < |w„+i|, |w n | —* 0 as n —* — oo and \w n \ —» oo as n —* oo. Let 
f3 n C C* be a round circle with center zero and radius | w n | for n G Z. Then w n G fi n . 

By condition (c) in the definition of attracting flower, for each point w G fi n) there 
exists a point z G V such that 7r a (z) = w. Moreover, there exists a disk D z C V with 
z G D z such that 7r a is injective on D z . Set U w = n a (D z ). The sets U w form an open 
cover of fi n . Thus there is a finite open sub-cover. This fact shows that there exists an 
arc 7 „ C V joining a point z n G 7r' 1 (ta ri ,) with the parabolic fixed point y, such that 
iTailn) = fin, and hence g(j n ) C j n . 

Let S n C C* be an arc in the annulus bounded by fi n and fi n+ ijwhich joins the point 
w n with w n+ 1 - As above, there exists an integer i n > 0 and an arc S n C V which joins the 



point g ln (z n ) with g tn (z n+ 1 ) such that tt a (S n ) = S n . This implies that the domain bounded 
by 8 n , 7 n and 7 n+ i is contained in V. 

Start from the point Zq G V. From the existence of S n , we know that there exists an 
integer Aq > 0 such that the Fatou line segment aq (a line segment in Fatou coordinates), 
which joins the point z 0 with g kl (zi), is contained in V. Inductively, there exists a sequence 
of non-negative integers {k n } (n > 1) such that the Fatou line segment a n which joins 
the point g kn ~ x (z n _{) with g kn {z n ) is contained in V. 

Repeating this argument for n < — 1 and setting k 0 = 0, we get a sequence of non¬ 
negative integers {k n } (n < 0) such that the Fatou line segment a n which joins the point 
gk n +i ( Zn+l ) with g kn (z n ) is contained in V. 

These arcs {a n } for n^O are pairwise disjoint. The union of them together with their 
endpoints forms an arc a whose endpoints are both the parabolic fixed point y. Thus 
a U {y} bounds a disk in V, which is a regular attracting flower. 

(2) We assume that kq — 1 for simplicity. Let W be a calyx of the parabolic fixed 
point (g,y). Then 7r a (W) is the disjoint union of two once-punctured disks. The arc aq 
can be cut into three arcs 70,71 and 72 such that both 70 and 71 are contained in 717 (W) 
and the endpoints of 72 stay on a. 

By a similar argument as in the proof of (1), there exists an arc 72 in an attracting 
flower of (g,y) such that 717 ( 72 ) = 72 . Let 7 * C W be a lift of 7 * that has a common 
endpoint with 72 for 2 = 0,1. Then the union of 7 \ (i = 0,1,2) together with their 
endpoints bounds a regular attracting flower V and 7r a (<9V\{y}) = aq. 

(3) Pick a calyx W of (g,y) such that <9W\{y} is two horizontal lines in the Fatou 
coordinate. Then there exists a regular repelling flower V[ of (g, y ) such that dV[ fl W 
is two vertical lines in the Fatou coordinate. Denote by zo and z' 0 the two endpoints of 
these two lines on <9W\{y}. 

Pick a sequence of calyxes {W n } (n > 1) in W such that W n+ i C W n U{t/}, <9W n \{y} 
is two horizontal lines in the Fatou coordinate and {W n } converges to the point y. Then 
there exists a pair of points (z n , z' n ) in <9W n \{y} for each n > 1 such that z n is contained 
in the same sepal as zo, z' n is contained in the same sepal as z' 0 , and the Fatou line segments 
8 n ,8’ n which join z n with z n+ 1 , and z' n with z' n+1 , respectively, are contained in V. Since 
{W n } converges to the point y, both {z n } and { z ' n } converge to y as n 00 . 

Let <5 0 , <5 q t 16 ^ ie Fatou line segments which join z Q with 2 q, and z' 0 with z[, respectively. 
Let a be the union of 8 n and S' n together with their endpoints for n > 0. Then a U {y} 
bounds a regular repelling flower V and VU{y} U V' is a neighborhood of the point y. □ 

2.6 Quotient space of rational maps and periodic arcs 

Let / be a rational map with attracting or parabolic domains. Define C T/ by 
z G if its forward orbit {f n {z)} is infinite, disjoint from Vf and contained in parabolic 
or attracting (but not superattracting) cycles. Define the grand orbit equivalence relation 
by Zi ~ z 2 if f n (z\ ) = f m (z 2 ) for integers n, m > 0. Then the quotient space = &f/ ~ 
has only hnitely many components. Each of them is either a punctured torus with at least 
one puncture (but only hnitely many punctures) corresponding to an attracting basin, 
or a punctured sphere with at least three puncture (but only hnitely many punctures) 
corresponding to a parabolic basin (refer to [35]). We will call the (punctured) 



15 


quotient space of / and denote by iTf : the natural projection. 

Let fd be an open arc in the attracting or parabolic domains of / with [dP\Vf — 0. We 
call fd a periodic arc if fd coincides with a component of f~ p (fd) for some integer p > 1 , 
or an eventually periodic arc if f k (/3 ) is a periodic arc for some integer k > 0. In that 
case the projection ti y(/3) is a simple closed curve in d%f. 

Conversely, let 7 C be a Jordan curve. Then either each component of nj 1 (y) is 
a Jordan curve or each component of n ^( 7 ) is an eventually periodic arc. 

Lemma 2.16. A periodic arc lands at both ends. 

Proof. Let fd be a periodic arc of a rational map / with period p > 1. Then g := f p \p is 
a homeomorphism on fd. Pick a point y G fd and denote by a n the closed arcs in fd with 
endpoints g n (y ) and g n+2 (y), for each integer n. Then g(a n ) = a n+ i and U^L_ 00 a ri = fd. 

Since /f is contained in an attracting or parabolic periodic domain, a n converges to 
the attracting or parabolic point xq hi the basin as n —> 00 . Thus fd lands on xo from one 
direction. 

Denote by r(fd) the limit set of the other end of fd. It is connected and f p (r(fd )) = r(fd). 
For any point x 6 r(/3), let {x n } {n > 1) be a sequence of points in (d converging to x. Then 
for each point x n , there exists an integer k n such that both x n and g(x n ) are contained 
in ak n - Moreover k n —00 as n —> 00 since converges to the point x G r((d). 

By Lemma 12.91 diam(a fc ) —> 0 as k —> — 00 . Thus dist(a: n , g(x n )) —> 0 as n —> 00 . So 
f p (x) = x. Therefore r{fd) can only be a single point. □ 

Let /d be a periodic arc with period p > 1. Denote by a(fd) and r((d ) the limit points of 
the forward and backward orbits on fd under f p , respectively. We call a(fd) the attracting 
end and r(/3) the repelling end of fd. They may coincide if both of them are parabolic. 

If fd\ is a pre-periodic arc, let k > 0 be an integer such that f k (fdi) is periodic. We 
will denote by a(fd\) and r((di) the two endpoints of fd\ so that f k (a(fd \)) = a(f k (fd \)) and 
f k (r(fdi)) = r(f k (fd 1 )). Both a(fdi) and r(fdi) are pre-periodic. 

3 Unicity 

We will prove Theorem 11.11 in this section. It is known that a parabolic fixed point has 
infinitely many analytic invariants, e.g. the power series representations of the horn maps. 
This fact makes our attempt to analytically conjugate two parabolic points a delicate issue. 
Our approach is to modify c-equivalency to be a local quasiconformal conjugacy with a 
small distortion. 

3.1 A lemma about quasiconformal maps 

Let <p : R —)■ R' be a quasiconformal homeomorphism between Riemann surfaces. We 
denote by 

hO) = K <t>( z ) = \ 3 and K ((t>) = Halloo 

the Beltrami differential, the dilatation and the maximal dilatation of (j) , respectively. 
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A quasiconformal map 0 is extremal if AT(0) < K(vj) for all the quasiconformal maps 
0 isotopic to 0 rel the boundary. There always exists an extremal quasiconformal map in 
the isotopy class of a quasiconformal map. 

A quasiconformal map 0 is called a Teichmiiller map associated with an integrable 
holomorphic quadratic differential c o{z)dz 2 if 


T<t>(z) = k 


u(z) 

v{*)\ 


for some constant 0 < k < 1. It is known that a Teichmiiller map is the unique extremal 
quasiconformal map in its isotopy class. Refer to [33] or [4TJ for the following theorems. 

Theorem 3.1. (Strebel) Let 0o : R —>■ R! be an extremal quasiconformal map between 
open Riemann surfaces with AT(0 o ) > 1 .If there exists a quasiconformal map 0 isotopic 
to 0o rel the boundary such that A0,(0) < A"(0 O ) in some neighborhood of dR, then 0 O is 
a Teichmiiller map associated with an integrable holomorphic quadratic differential and 
hence is the unique extremal quasiconformal map in its isotopy class. 


Theorem 3.2. (Main inequality) Let 0,0 : R —> R' be quasiconformal maps between 
open Riemann surfaces which are isotopic rel the boundary. Let cu(z)dz 2 be an integrable 
holomorphic quadratic differential on R. Then 


Ml := / \uj{z)\dxdy < / \w(z)\ 


1 f^(j> 


U}(z) 


^ 0)1 


IR 


IR 


I h<f>\ 


-K^-i o <f>(z)dxdy. 


From these known results we obtain: 


Lemma 3.3. Let 0 be a quasiconformal map of C*. Then for any e > 0 and any r 0 > 1, 
there exist a constant r > ro and a quasiconformal map 0 of C* such that: 

(1) 0 = 0 on E(r) := C\A(r), 

(2) 01 A(r) isotopic to 0|^ r ) rel the boundary, and 

(3) A00) < AT(0M (ro) ) + e. 

Proof. For any r > ro , let 0 r : A(r) —> 0(A(r)) be an extremal quasiconformal map 
isotopic to 0|^ r j rel the boundary. If 

A00 r ) < AT(0| B(ro) ) + e 

for some r > r 0 , set 0 = 0 r on A(r) and 0 = 0 on A(r); then 0 satisfies the conditions. 
Now we assume 

A'(0r) > K((j)\ E{ro) )+6 

for r > ro- By Theorem 13.11 0 r is a Teichmiiller map associated with an integrable 
holomorphic quadratic differential u> r (z)dz 2 . We may assume |M|| = 1- Then uj r converges 
to zero uniformly on any compact subset of C* as r —» oo since there is no non-zero 
integrable holomorphic quadratic differential on C*. 

Let U r = 0F 1 o 0(A(r o )). Then there exists a compact subset V C C* such that 
U r C V for all r > ro, since A'(0 r ) < A'(0). Since iw r converges uniformly to zero on V as 
r —y oo, we obtain 

L Mdxd!/ < m 










when r is large enough. Applying Theorem 13.21 for 0|^^, Vv and ay, we get 
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1 = 


M = 


< 


Thus 


/A(r) 


\u> r \dxdy 


’ Mr) 


\U r 


1 /^l/v 


Ur 


\U r 


\Ur 


IA(r) Kfyr 


1 l/Av 

-Ky-i o if r dxdy. 


-K^-i o if r dxdy 


AT(0 r ) < / |ay|A0,-i o if r dxdy 

JA(r) 

< / \oJr\Ks-l O 'ijjrdxdy + 


| ay 177^-1 o if r dxdy. 


Ju r JA{r)\.U r 

Note that 0y(A(r)\[/ r ) C 0(A(ro)). Therefore when r is large enough, 

KidPr) < e + /l(0|E(r o ))- 


This is a contradiction. □ 

3.2 Local conjugacy between parabolic points 

Lemma 3.4. (From petal conjugacy to local conjugacy) Let (/, x) and ( g,y ) be 

parabolic fixed points. Let : V(/) —> V(g) be a K-quasiconformal conjugacy between reg¬ 
ular attracting flowers of (/, x) and ( g,y). Then for any e > 0, there exist a neighborhood 
N of the point x with V(/) C N and a [K + e)- quasiconformal map fio on N U f(N) such 
that 0o = 0 on V(f) and 0o ° / = g ° fio on N. 

Proof. Let W(/) be a calyx at the parabolic fixed point (/, x) such that each arc of 
9>V(/)\{x} intersects dV(f) at exactly one point. Once the calyx W(/) is small enough, 
0(W(/) D V(/)) is contained in a calyx YVflg) of ( g , y). Thus the union of the backward 
orbit of 0(W(/) fl V(/)) under g|>Vi( fl ) forms a calyx W(g) of ( g,y ). The map 0 can be 
extended to a quasiconformal map from W(/) to W(g) by the equation 0 ° / = g ° 0. 

By proposition 12. 151 (2). there exists a regular repelling flower V'(f) of (/, x), disjoint 
from V(/), such that each arc of <9V'(/)\{:r} intersects d\V(f) at exactly two points and 
there exists an integer k > 1 such that 

f\BV'U) n W(/)) = 3V(f) n W(/). 

Similarly, there exists a regular repelling flower V'(g) of ( g,y ), disjoint from V(g), such 
that each arc of intersects dW(g) at exactly two points and there exists an 

integer k\ > 1 such that 


9 kl (dV(g) n W(g)) = dV(g) n W(g). 
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We may assume that k\ = k. Otherwise, if k\ > k, we may use f k fcl (V'(/)) to replace 

V'(/)- 

Denote by ( 7 r a j, 7 r r j) and ( 7 r 0jS , 7 iy )S ) the projections to attracting and repelling cylin¬ 
ders (#„(/), W)) °f (/, ic) and attracting and repelling cylinders (^(g), ^.(< 7 )) of ( g,y ), 
respectively. Denote by 

T / : W/W/)) -> 7T 0 j(W(/)) and T g : 7r rj 9 (>V(^)) 7r Qiff (W(^)) 

the horn maps. Let : ^ a (/) —> be the projection of 0 to the attracting cylinders. 

It is well-defined since 0 is a conjugacy. Composing with the horn maps T f and T g , we 
get a Ji-quasiconformal map 

* := TJ 1 o 4 o T, : n rJ (W(f)) -> ir rj ,(W( S )). 

By the choices of V'(/) and V'(g), we have 

* o 7T rAdV(f) n w(/)) = n w(<?)). 

Note that the boundaries of 7 r r j(W(/)) and vr ri 9 (W(g)) are disjoint unions of simple 
closed curves. Thus the map T can be extended continuously to a homeomorphism 
T : %-(f) —> c lor{(]) such that 

T o n rJ (dV\f)^{x}) = ir r!g (dV'(g)\{y}). 




Figure 3. From petal to local conjugacy. 


By Lemma 13731 for any e > 0, there exist a smaller calyx W 0 (/) C W(/) and a (iL+e)- 
quasiconformal map T 0 : %~{f ) —$■ ffrid) such that T 0 = T on 7r r j(Wo(/)), and restricted 
to the complement of 7r r j(Wo(/)), T 0 is isotopic to T modulo the boundary. Let 0 O be 
the lift of T 0 through the isotopy from T 0 to T. It is well-defined on V'(/) = / _n (V'(/)) 
for some integer n > 0, and ^ 0 (V' (/)) C V'(g). 

Because T 0 = T on 7r ri /(Wo(/)), and restricted to the complement of 7r ri /(Wo(/)), 
To is isotopic to T rel the boundary, we have -0o = 0 on V^(/) ft Wo(/). Set 0o = 0 
on V(/) U Wo(/) and 0o = 0 on V' n (f). Then 0 O is a (if + e)-quasiconformal map and 
g o 0 O — 0 O o f on V(/) U W(/) u K +1 (/). □ 

The following result, which was first proved by McMullen in [32], is a corollary of the 
previous lemma. 

Corollary 3.5. Two parabolic fixed points with same rotation number and multiplicity 
are locally (1 + e)-quasiconformal conjugate for any e > 0. 
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3.3 Proof of Theorem 11.11 

Let F and G be semi-rational maps and let (0,0) be a c-equivalence between them on a 
fundamental set IA of F, i.e., (0,0) is a pair of orientation-preserving homeomorphisms 
of C such that: 

(a) 0 o F = G o 0, 

(b) 0 is holomorphic in U, and 

(c) 0 = 0 in U U Vf and 0 is isotopic to 0 rel U U Vf- 

The relation c-equivalence is an equivalence relation by the following Lemma. 
Lemma 3.6. 4>(IA) is a fundamental set of G. 

Proof. Obviously, 0(7/) C G _1 (0(7/)) and 0(7/) contains all the attracting or super- 
attracting points in V G . We only need to prove that if x £ V F is a parabolic periodic 
point of F with period p > 1 and V C IA is an attracting flower of F p at the point x, then 
4>(x) is a parabolic periodic point of G and 0(V) is an attracting flower of G p at the point 

4>{x). 

By Theorem 12.111 the quotient space V/(F p ) is a disjoint union of cylinders. If 0(x) 
is attracting, then 0 induces a holomorphic injection from the cylinders into a torus. 
This is impossible. So 0(x) is parabolic. Since each attracting petal of G p at the point 
4>(x) contains points of Vg, the multiplicities of the parabolic fixed points (G p ,0(x)) and 
(F p ,x) are equal. The quotient space 0(V)/(G p ) is also a disjoint union of cylinders. By 
Corollary 12.121 0(V) is an attracting flower of G p at the point f>(x). □ 

The following totally topological lemma will be used when we deal with c-equivalence. 
It implies that c-equivalence may be defined with a weaker condition; condition (c) can 
be replaced by: 0 = 0 in IA U Vf and 0 is isotopic to 0 rel Vf- 

Lemma 3.7. Let E \, E 2 C be closed subsets of C. Let 6 be an orientation-preserving 
homeomorphism of C isotopic to the identity rel E\ with 9 = id on E 2 . Assume that 

(1) (Ei^E 2 ) is a finite set, 

(2) E 2 has only finitely many components and each of them contains points of E\, and 

(3) Each component of E 2 is a either a closed Jordan disk, or finitely many closed 
Jordan disks intersecting at a single point. 

Then 9 is isotopic to the identity rel E x U E 2 . 

Proof. Assume E 2 ^ 0. Otherwise the lemma is trivial. Let H : I x C —> C, where 
I = [0,1], be an isotopy such that 77 (0, •) = id, 77 ( 1, •) = 9 and 770, z) — z for z G 70 
and t G I. Pick one point of E\ in each component of E 2 , and denote by E 0 the set of 
them together with all points of E\ outside of E- 2 . Then Eq C E\ and Eq U E 2 = 70 U E 2 . 

Consider the path H(I,z ) C C\E 0 for each point z G U := C\(E 0 U E 2 ). Its two 
endpoints (z,0(z)) are contained in U. Since each component of E 2 contains exactly one 
point of Eo, there exists a path /3(z) C U connecting (z,9(z)) which is homotopic to 
H(I, z ) in C\i?o, and such paths are homotopic to each other in U. 

Let 'j(z) C U be the unique geodesic under the Poincare metric on U connecting 
(z,9(z)) and homotopic to /3(z) in U. Define 9 t (z) by 9 0 (z ) = z, 9i(z) = 9(z) and 
9 t (z) G 7 (z) with 

L(9(0,t)) _ t 
L(9(t, 1)) ““ 1 -F 
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where L(-) denotes the length under Poincare metric. Then 9 t is a homotopy in U con¬ 
necting the identity with 9 and 9 t = id on the boundary of U for t G I. 

By Theorem 1.12 in [3], two homotopic homeomorphisms between compact surfaces 
with finitely many punctures and holes are isotopic. Thus there exists an isotopy 9 t on 
U connecting the identity with 9 such that 9 t = id on dU for t G I. Define 9 t = id on 
Ei U E 2 . Then 9 t is an isotopy of C rel E\ U E 2 connecting the identity with 9. □ 

Lemma 3.8. Let F and G be semi-rational maps. Let (0,0) be a c-equivalence from F 
to G. Then for any e > 0, there exist a c-equivalence (0 o ,0o) between F and G in the 
isotopy class of 0 and an open set U D V F such that if 0 = 0 O on U, 0 O is quasiconformal 
in C and K(<f 0 \u) < 1 + e. 

Proof. Let x G V' F be a parabolic periodic point of F with period p > 1. Assume p — 1 
for the simplicity. Let V x be an attracting flower of (A, x) such that 0 is holomorphic 
in V x and if is isotopic to 0 rel V x . By Lemma 13.41 there exist an attracting flower V x 
of (F,x) with V x C V x , a disk D x with V x <1 D x and a (1 + e)-quasiconformal map £ x 
defined on a domain containing the closure of D x U F{D X ) such that £ x — 0 ° n V x and 
£,x ° F — G o £ x on D x . _ ^ 

Let U x C C be a disk such that V x <1 U x and U X \V X is disjoint^from V F . By choosing 
D x close enough to V x , one may assume that D x U0 _1 °£, X (D X ) (s U x since 0 _1 o£ x = id on 
V x . Thus there exists a homeomorphism 9 X of C isotopic to the identity rel (C\U X ) U V x 
such that 9 X = 0 _1 o on D X \V X . 

Choose 9 X as above for all parabolic periodic points x G V' F . Let 9 be the composition 
of all these maps and let <f>\ = 0 o 9. Then there exists a small fundamental set li\ of F 
such that 0! is isotopic to 0 rel U\ U V F . Let ifi be the lift of 0 X , i.e. 0! o F = G o if x . 
Then (0 1 ,'0i) is a ls° a c-equivalence from F to G and there exists an open set U D V' F 
such that 0i = 0x on U and K((f>i\y) < 1 + e. 

Pick a quasi-disk U x d U with x G U x for each point x G V F such that they have 
disjoint closures. Then their images under 0i are also quasi-disks. Thus 0i can be further 
modified to be a global quasiconformal map without changing it on any U x such that the 
modified map 0o is isotopic to 0i rel 1J U x U Vf- Let 0o be the lift of 0o- Then they 
satisfy the conditions. □ 

Let / and g be rational maps. Let (0,0) be a pair of quasiconformal maps of C such 
that 0 is isotopic to 0 rel Vf and 0 ° / = g ° if on C. Let 

A0[0] = inf{A'(0|t/) : 0 is isotopic to 0 rel Vf and U D Vf is open}. 

Theorem 3.9. With the above assumption, there exists a quasiconformal conjugacy h 
between f and g in the isotopy class of 0 rel Vf such that K{h ) < A'(0). Moreover, if f 
has no Thurston obstructions, then h can be chosen such that K(h ) < A0[0]. 

The existence of the quasiconformal conjugacy h is proved in [32]. The second part 
of the theorem is obtained in [7]. Refer to the next section for the definition of Thurston 
obstruction. 

Proof of Theorem \l . 1\ Let / and g be geometrically finite rational maps with infinite post- 
critical sets. Suppose that (0, if) is a c-equivalence between them. One may choose 0 to 
be quasiconformal, and hence A0[0] = 1 by Lemma [3.81 Thus there exists a holomorphic 
conjugacy between / and g in the isotopy class of 0, by Theorem 13.91 since / has no 
Thurston obstructions (refer to Theorem 14.21 in the next section). □ 
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4 Thurston obstructions and connecting arcs 

4.1 Thurston obstructions 

By a marked branched covering (F, V) we mean a branched covering F of C with 
deg F > 2 and a closed set V C C such that Vf C? and F(F) CV. A marked branched 
covering (F,V) will be written as F if V = Vf- 

A simple closed curve on C\F is called essential if it does not bound a disk in C\P, 
or peripheral if it encloses a single point of V. 

A multicurve T of (F, V) is a finite nonempty collection of disjoint simple closed 
curves in C\'P, each essential and non-peripheral, and no two isotopic rel V. It is called 
stable if for any 7 6 T, every essential and non-peripheral component of F _ 1 ( 7 ) is isotopic 
rel V to a curve in T. 

A multicurve determines a transition matrix M(T) = (a^ 7 ) by the formula 

0/37 ^ deg(F \ 5 7 ) 

where the sum is taken over all components 6 of F” 1 ^) which are isotopic to /3 rel V. Let 
A(r) > 0 denote the spectral radius of M(T). A stable multicurve T on C\F is called a 
Thurston obstruction of (F, V) if A(r) > 1. 

Two marked semi-rational maps (F, V) and [G, Q ) are called c-equivalent if there 
exists a fundamental set U of F and a pair of orientation-preserving homeomorphisms 
(0, ip) of C such that: 

(a) (f) o F = G o -0, 

(b) (j) is holomorphic in U, and 

(c) V’ = <f> in U U V and if is isotopic to <f rel U U V. 

This definition coincides with the definition in [3] of combinatorial equivalence when V 
is finite. Refer to mm for the definition of hyperbolic orbifold and [3] for the following 
theorem. 

Theorem 4.1. (Marked Thurston Theorem) Let (F, V) be a marked branched cov¬ 
ering of C with hyperbolic orbifold and with ffV < 00 . Then (F, V) is c-equivalent to a 
marked rational map (/, Q ) if and only if (F, V) has no Thurston obstructions. Moreover, 
the marked rational map (/, Q ) is unique up to holomorphic c-equivalence. 

Theorem 4.2. (McMullen) Let (f,V) be a marked rational map and let T be a mul¬ 
ticurve on C\F. Then A(T) < 1. The equality A(T) = 1 holds only in the following 
cases: 

• f is post-critically finite and the signature of the orbifold of f is (2, 2, 2, 2). 

.V f is an infinite set, and T includes the essential curves in a finite system of annuli 
permuted by f. These annuli lie in Siegel discs or Herman rings for f, and each annulus 
is a connected component o/C\F/. 

Refer to mm for the above theorem. If / is a geometrically finite rational map, then 
/ has no rotation domains. Hence if V'j 7 ^ 0, then A(T) < 1 for any multicurve T on C\F. 

Theorem 4.3. (Sub-hyperbolic version) Let (F, V) be a marked sub-hyperbolic semi- 
rational map with V' F 7 ^ 0 and #(F\Ff) < 00 . Then (F,V) is c-equivalent to a marked 
rational map (/, Q ) if and only if (F, V) has no Thurston obstructions. Moreover, the 
marked rational map (/, Q ) is unique up to holomorphic c-equivalence. 
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This theorem was proved for the case V = Vp in [TD} ;2Q]- One may easily check that 
the proof in [10, §3.3] still works in this slightly stronger version. The theorem will be 
used in §7 and §9. We will prove the following theorem, which is stronger than Theorem 
11.21 Refer to §4.2 for the definition of connecting arcs for marked semi-rational maps. 

Theorem 4.4. Let (G, Q) be a marked semi-rational map with V' G ^ 0 and ff(Q'PPa) < 
oo. Then (G, Q) is c-equivalent to a marked rational map if and only if(G, Q) has neither 
Thurston obstructions nor connecting arcs. 

The following lemma (refer to [31]) is useful for checking if there is a Thurston ob¬ 
struction. A multicurve T is called irreducible if for each pair (y,/3) G T x T, there is 
an integer n > 1 such that F~ n (/3) has a component 6 isotopic to 7 rel &f and F k (5) is 
isotopic rel FPp to a curve in T for 1 < k < n. 

Lemma 4.5. For any multicurve T with A(T) > 0, there is an irreducible multicurve 
T 0 C T such that A(T 0 ) = A(T). 

4.2 Connecting arcs 

Let (G, Q) be a marked semi-rational map with ff(Q\P G ) < 00 and with parabolic cycles 
in V G . An open arc (3 C C\<2 which joins two points Zo, Z\ G V' G is a connecting arc if: 

• either Zo 7 ^ zi, or zq = z\ and both components of C\/J contain points of Q, 

• (3 is disjoint from a fundamental set of G, and 

• f3 is isotopic rel Q to a component of G~ p (/3 ) for some integer p > 0. 

Example. Let G be the formal mating of the quadratic polynomial P(z) = z 2 + A with 
itself (refer to £45] for a detailed definition of mating). It will be a semi-rational map with 
two points in V' G if we preserve its complex structure near V' G . Consider two external rays, 
each with angle zero. They form an invariant arc and hence the arc is a connecting arc 
of G. It is easy to check that G has no Thurston obstructions since it is combinatorially 
equivalent to a Blaschke product. 

A connecting arc is invariant under c-equivalence by Lemma [37771 The following lemma 
gives a stronger version of the definition. 

Lemma 4.6. Let f3 C C\Q be a connecting arc. Then there exist a connecting arc a 
isotopic to (3 rel Q and an integer p > 1 such that G~ p (a ) has a component a isotopic to 
a rel Q and a coincides with a in a neighborhood of its endpoints. 

Proof. Denote by (3 : (0,1) —» (3 a parametrization, which is a homeomorphism. Let 
zo,zi G V' G be the two endpoints of f3, with (3(t ) —* zo as t —» 0. Then there exists an 
integer p > 1 such that G~ p ((3 ) has a component (3 isotopic to (3 rel Q and G p (zi) = Zi 
for i — 0,1. Denote by /3 : (0,1) —>• /3 the parametrization such that G p o (3{t) = f3(t). 

Since j3 is disjoint from a fundamental set, both z 0 and z\ are parabolic periodic 
points of G. By Proposition 12. 151 condition (3), there exist constants 0 < t 0 < ti < 1 and 
regular repelling flowers V' 0 , V[ C C\Q at the parabolic fixed points ( G p , z 0 ) and ( G p , zi), 
respectively, such that /3(0,t 0 ) C Vq and /5(ti, 1) C V[. Obviously, Vq is disjoint from V[ 
if z 0 7 ^ z\. If z 0 = Zi we may require that Vq = V[. 

By the definition of semi-rational maps, there are critical orbits converging to the 
point Zi between any two adjacent repelling petals of V'. Thus there exist constants 
0 < So < Si < 1 such that either 
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( 1 ) both j5(0,s 0 ] and /3(0,f 0 ] are contained in the same petal of V' 0 , and both /3[si, 1 ) 
and {3[ti, 1) are contained in the same petal of V], or 

( 2 ) z 0 = Zi, both /3(0, s 0 ] and j3[ti, 1) are contained in the same petal of V ' 0 = V(, and 
both /3[si, 1) and /3(0, ti] are contained in the same petal of V' 0 . 

If condition ( 2 ) holds, we replace fi by the component of G~ 2 p ((3 ) that is isotopic 
to (3 rel Vg- Then condition (1) holds. Thus we may assume that condition (1) holds. 
Consequently, the rotation numbers of G p at z 0 and 27 are both equal to 1. 

Denote by g t (i = 0,1) the inverse map of G p restricted to the repelling flower V[. 
Then there exists an integer m > 1 such that /3(f 0 ,ti) is disjoint from g^iV'fi. Thus there 
exists an arc 7 \ C V'\g™(V') connecting fiitf) with a point uq G dgfifV') such that 7 * 
is disjoint from (3(t 0 ,ti). Obviously, y 0 is disjoint from if z 0 27 . Otherwise we may 
assume that they are disjoint by a suitable choice of w t . 

Since the rotation number of G p at £0 and at 27 is equal to 1, there exists an arc 
cq C g?{Vl) connecting 27 with Wi such that cq(cq) C cq and a 0 is disjoint from ay. Set 


a = a 0 U 70 U/3(f 0 ,h) U 71 U«i. 


Since V' is disjoint from Q , a is isotopic to fi rel Q. Moreover, G~ p (a) has a component 
a isotopic to a rel Q, and both g 0 (ao) and 57(07) are contained in a. Now the lemma 
follows from the fact that gfiaf) C cq. □ 

Theorem 4.7. (No connecting arcs) Any marked geometrically finite rational map has 
no connecting arcs. 

Proof. Let (g, Q ) be a marked geometrically finite rational map. Assume that fio C C\Q 
is a connecting arc, i.e., /3 0 joins two parabolic periodic points Zo,Z\ G V' g , fio is disjoint 
from an attracting flower of zq and one of 27 , and fio is isotopic rel Q to a component of 
g~ p (/3 0 ) for some integer p > 1 . 

There exist repelling flowers Vg, at z 0 and 27, respectively, such that /3 0 is cut into 
three arcs /3 0;0 , fio.i and /3 0 ,2 where f3 0:i C V[ for i = 0,1 and the closure of /3 0)2 is disjoint 
from Q. Let /3 n be the component of g~ np (/3) isotopic rel Q to f3 0 for n > 1. Then (3 n is 
also cut into three arcs 0 , and /3 n;2 such that g np (/3 n j) = f3 0 j for j = 0,1,2. Thus 
f3 n ^i C V' and hence diam s /3 n]i —> 0 as n —> 00 for i = 0,1. By Lemma [2791 diarrq/A,^ —>■ 0 
as m -> 00. So diam s /3 n —> 0 as n —> 00 . This shows that zo = 27 and one component of 
C\(/3 U {To}) is disjoint from Q. This is a contradiction. □ 

4.3 Thurston’s algorithm 

This part is not needed until §9; one may skip it on a first reading. Let (F, V) be a marked 
semi-rational map with V' F 0 and fi{V\V F ) < 00 . 

Thurston sequences. Let 27 (i = 1, 2, 3) be three distinct points in V. Then there 
exists a unique homeomorphism 61 of C normalized by = 27 such that /1 := Fo 6 f l 

is a rational map by the Uniformization Theorem. There is also a unique normalized 
homeomorphism d 2 of C such that f 2 := Q\ ° F o 0 ~ l is a rational map. Continuing this 
process inductively, we produce a sequence of normalized homeomorphisms {0 n } of C and 
a sequence of rational maps {f n } such that f n ° 9 n = 0 n -\ o F. We call {f n } a Thurston 
sequence of ( F,V ). 
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Lift of the c-equivalence. Denote by V S F the set of super-attracting periodic points 
of F. Then V S F C Vf and F(V S F ) = V S F . Assume that F is holomorphic in a neighborhood 
of V S F and c-equivalent to a marked rational map. Then there exists a normalized c- 
equivalence (0Oj0i) from (F, V) to a marked rational map (/, Q) on a fundamental set U 
of F such that V S F C U. Refer to [42] for the construction of 0 O near V' F \V F . 

Let <p 2 be the lift of <pi. Then 0 2 is isotopic to <f>i rel F -1 (V U IF). Inductively, we 
obtain a sequence of homeomorphisms {( p n } of C such that (p n +i is isotopic to 0 n rel 
F~ n (V U U) and / o <p n+ i = <f n o F. See the diagram below. 


y y y 

C-0^—C— 


/ 


F 


h 


C C —-A- c 


/ 


F 


fl 


cAcaAc 


Let Co = 0o 1 - Then Co is holomorphic in <po(U ). Let ( n = 9 n ° (p n l for n > 1. Then 
fn°(n = Cn -1 ° /• Consequently, ( n is holomorphic in f~ n ((j) 0 (U)). 

Theorem 4.8. The sequence {f n } converges uniformly to the rational map f and {Cn} 
converges uniformly to the identity as n —> oo. 

To prove this theorem, we need the lemma below, which is more general than needed 
here but which will be used in §9. 

Combinatorial quotient maps. Let (/, Q) be a marked geometrically finite rational 
map with Vj ^ 0 and #(Q\7 :> /) < oo. Let U be a fundamental set of / with V'J C U. 
Let {h n } (n > 0) be a sequence of quotient maps of C such that / o h n+ i = h n o f and h n 
is isotopic to the identity rel f~ n (U U Q ). 

Lemma 4.9. The sequence {h n } converges uniformly to the identity as n —» oo. 

Proof. Let h t g, t 6 / = [0,1], be an isotopy of quotient maps connecting h 0y0 = id with 
hi ft = ho such that h t< o is a quotient map of C for all t 6 / and hfl (w) = w for w £ U U Q 
and t G /. Let h t) i be the lift of h t g. Then h t 0 o f = f o /t 01 = id, h^i = hi and 
hf\ (vj) = w for w G f~\U U Q ) and 1 6 /. Inductively, let h ty n be the lift of h t , n -i- Then 

{ ho t n id, hi n /i n , 

hfn(w) = w for w G f~ n (ld U Q ) and tel, and 

ht,n -1 ° / = / ° Kn- 

Let /3 n {z) = {h ti n(z) : t e /}. Then / : /3 n+ i(z) -e /3 n {f(z)) is injective, and 


dist s (h n (^), 2 :) < dia m s /3 n {z). 
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We want to prove that diam s f3 n (z) —* 0 as n —* oo uniformly for z G C. 

For any disk U C C and any integer n > 0, we denote by C n (U ) the maximum of the 
diameters of the components of f~ n (U). Then C n (U ) —> 0 as n —> cx) if the closure of £/ 
is disjoint from Vf, by Lemma [2.91 

Let w G C\(7Y U Q) be a point. Then (3 0 (w ) is disjoint from Q. If it is simple, then 
there exists a disk U D /3 0 (w) such that U C\Q — 0. Thus there exists an open set D w 3 w 
such that /3o(z) C U for all points 0 G D w . Therefore diarn s /9 n (z) < C n (U ) —> 0 as n —> oo 
for 0 G f~ n (D w ). 

In general, let d := dist s (/3 0 (iu), P) > 0. We can cut the path j3o(w) into k sub-paths 
such that each of them has diameter less than d. Thus each sub-path is contained in a 
disk Ui (1 < i < k) whose closure is disjoint from Q. Denote their union by U. Similarly, 
there exists an open set D w 3 w such that /3q(z) C U for all points z G D w . Therefore 
diam s j3 n {z) < Y!l=i C n {Ui) —)■ 0 as n —>■ oo for z G f~ n (D w ). 

Assume that w G Q\U is not periodic. Let U 3 w be a disk whose closure is disjoint 
from Then C n (U) —* 0 as n —> oo. Since f3 0 (w ) = w, there exists an open set 

D w 3 w such that /3o(z) C U for z G D w . Thus (\r&iii s (5 n (z) < C n (U ) —> 0 as n —> oo for 
« e r\D w ). 

Assume w G Q\U is a repelling periodic point with period p > 1. Let U 3 w be a disk 
whose closure is disjoint from Q\{ta} such that the component of f~ p {U) containing the 
point w is compactly contained in U. Then C n (U ) — » 0 as n — > oo. As above, there exists 
an open set D w 3 w such that diam s /3 n (z) < c n (U ) —> 0 as n —> oo for 2 G f~ n (D w ). 

Suppose now w G Q\U is a parabolic periodic point with period p > 1. Let V w be a 
repelling flower of ( F p ,w ) such that its closure is disjoint from <2\{u>} and V W UU is a 
neighborhood of w. Then C n (V w ) —> 0 as n —> 00 . Since f3 0 (w) = w, there exists an open 
set D w 3 w such that /3 0 (z) C V w UU for z G D w . In particular, /3 0 (z) C V u , if z G D W \U. 
Therefore diam s /3 n (z) < C n (y w ) — >■ 0 as n — > 00 for z G f~ n (D w \U). 

The union of these open sets D w forms an open cover of C\L/. Hence there is a hnite 
cover. Thus diam, s /3 n (z) —> 0 as n —> 00 uniformly for z G C\/ _n (L/). On the other hand, 
/3 n (z) = z for 0 G f~ n (U). Therefore diam s (3 n (z) —> 0 as n —> cxd uniformly for z G C. 
This completes the proof. □ 

Let / be a geometrically hnite rational map with 7^ 7 ^ 0. Let U be a fundamental set 
of / with 7^ C U. Assume that jo is a quasiconformal map of C which is holomorphic 
in U and normalized by fixing three points in Vf. Then there exists a unique normalized 
quasiconformal map j\ of C such that /j := j 0 o f o j ^ 1 is a rational map. Inductively, 
there exists a sequence of normalized quasiconformal maps {j n } (n > 1 ) such that 

fn ■■= jn-l 0/0 jjj 1 


is a rational map. 

Lemma 4.10. The sequence {j n } converges uniformly to the identity and {f n } converges 
uniformly to f as n —> 00 . 

Proof. Since f n = j n _ 1 0/0 j~ l is a rational map, the sequence {j n } is uniformly 
quasiconformal. So it has a subsequence which converges uniformly to a quasiconformal 
map joo. Since j n is holomorphic in f~ n (jU), the map j 0 Q is holomorphic in T f and hence 
is holomorphic on the whole sphere since Jf has zero Lebesgue measure [48]. Thus it 
is the identity since it fixes three points in Vf. It follows that the whole sequence {j n } 
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uniformly converges to the identity as n —> oo. Consequently, {f n } converges uniformly 
to/. □ 


Proof of Theorem 4-8 By Lemma [3.81 there exist a fundamental set U.\ C U of F with 
Vp C IA\ and a quasiconformal map fo of C normalized by fixing x* (i = 1,2,3), such 
that -/o is isotopic to fo rel U.\ U P. Let f n+ i be the lift of f r 
to the identity rel fo(U) U P and 


Then f 0 o f 0 1 is isotopic 


{fn °fn 1 )°f = f 0 (0n+l ° /’n+l)- 


Thus {f n o fif 1 } converges uniformly to the identity as n — > oo , by Lemma [4.91 

Set j n = (nofnof- 1 for n > 0. Then jo = fo 1 i s quasiconformal in C and holomorphic 
in Moreover, 


fn +1 ° jn+1 jn ° /• 


By Lemma [4.101 {j n } converges uniformly to the identity and {f n } converges uniformly 
to / as n —> oo. Thus {£n} also converges uniformly to the identity as n —* oo. □ 


5 Basic properties of pinching 


5.1 Definition of pinching 

Pinching model. For any r > 1 and t > 0, define a quasiconformal map 

w t , r = w t : A(r) —>- A(r 1+< ) 

by arg w t {z) = argz and log |wt(^)| = p(log |^|), where 


q : (— logr, logr) —>■ (—(1 + t) logr, (1 + t) logr) 
is dehned by g{— x) = — g{x) and 

logr 


2 f 

e zz x 


if 0 < x < 


2e 2t ’ 


6 ^ flogi^y+ l + 2t)logr if < x < \ logr, 


2 y ° logr 

^ x + t log r 


if 1 log r < x < log r. 


The family {tft} (t > 0) is called a pinching model. 

Let Of be the Beltrami differential of Wt■ Let r(t) = r 1 ^ 2 ® ^ and r' = r(0) = 
following proposition is easy to check. 

Proposition 5.1. The pinching model w t {z) satisfies the following properties: 

(1) w t {z ) is conformal on A(r)\A(r'). 

(2) h't(z) = v to (z) on A(r)\A(r(t 0 )) for t>t 0 > 0. _ 

(3) For any t 0 > 0, let E to be a component of A(r)\A(r(t 0 )); then 

2to + 1 


r. The 


modtr t (A t0 ) = 


mod A(r) 


for t > to and hence mod w t {E to ) —> oo as t > to ^ oo. 
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(4) The map w t (rz)/r 1+t restricted to A(l/r, 1) converges uniformly to a homeomor- 
phism w : A(l/r, 1) —* O* as t —>■ oo, where w is defined as: 

if y/Tp< 

if 1/r < \z\ < \fl/r, 
if 1 /r < |z| < \f\Jr. 

Remark. The pinching model Wt has usually been defined as Wt{z ) = \z\ t z (refer to 
my We choose the above technical definition to ensure the convergence of the quasi- 
conformal conjugacy path {fi t } defined below. 

Multi-annuli. Let / be a rational map with non-empty quotient space . A multi¬ 
annulus srf C is a finite disjoint union of annuli whose boundaries are pairwise disjoint 
simple closed curves in such that each component of ttJ 1 (e(^/)) is an arc, where e( g/) 
denotes the union of the equators of the annuli in &/. 

A multi-annulus W C is called non-separating if for any choice of finitely many 
components of ttJ 1 (£^), the union T of their closures does not separate the Julia set 
J7/, i.e. C\T has exactly one component intersecting (refer to [46J Example 3' for a 
non-separating case, and Examples 6' and 8 for two separating cases). 

Let srf C be a multi-annulus. Then each component of 7 T^ 1 (e( I c/)) is an even¬ 
tually periodic arc. The multi-annulus stf is called starlike if for each component 6 of 
7 rj 1 (e(,e/)), r(/3) is eventually repelling, a(/3) is eventually attracting, and a (^ 2 ) 

for any two distinct components fii, @2 of 7 rJ 1 (e( I g/)). Obviously, a starlike multi-annulus 
is non-separating. 

Pinching paths. Let / be a rational map with 0. Let srf = (JA* C be a 

non-separating multi-annulus. Let Xi be a conformal map from A* onto A(rj) and let 
be the Beltrami differential of w tiTi o yy, where w tjn is the pinching model on A(r;). Set 
Pt = Pi,t on eac h A* C &/. Let fit be the pullback of p t , i.e., 


z | < 1 , 


w(z) = z 
arg w(z) = argz 

log \w(z)\ = — \ ( 1 + log 


logr 


21 og(r|z|) 


logr 


for z G 7 1 (■£/), 
otherwise. 

Then there exists a quasiconformal map ft '■ C —» C whose Beltrami differential is fi t . Set 
f t = f t ofo f~ l . Then f t is a rational map. The quasiconformal map has a natural 
projection 

Jy : fMf -X . 

We call the path f t = f t 0 f°fT 1 (t > 0) the pinching path starting from / supported 

on &/, or a simple pinching path if srf is starlike. 

Note that the family {f t } is defined only up to holomorphic conjugation and hence 
represents a family in DXtd, the complex orbifold of holomorphic conjugate classes of ra¬ 
tional maps with degree d = deg/. It is convenient to consider {f t } as a family in the 
space of rational maps when we study its convergence in For this purpose, we need 
to make a normalization for the map <f> t - 


n'(z) 












One favorite choice of a normalization of (j) t is fixing three points in Vf. There always 
exists a component Uq of such that both Uq fl Vf and OUq 0 Jf are inhnite 

sets. Throughout this paper we always make a normalization for the map f>t by fixing 
three distinct points in Uq 0 Vf. Then both {<f t } and {ft} are continuous families. 

Such a choice of Uq is necessary. As we will see later, some components of C\7rJ 1 ( t e/) 
may touch Jf at only finitely many points, and images of the components under 0 f will 
shrink to single points as t —> oo. 

Let Aiit) = x7 1 (M r i(t))) for t > 0 and A[ = x7 1 (M r i)) = A(0). Then A*( tf) C 
Aj(f 2 ) if t\ > t 2 . Denote by sJ ', sJ(t) the union of A' and Ai(t) for all components At of 
sJ, respectively. The following proposition is a direct consequence of Proposition 15.11 

Proposition 5.2. Let A, be a component of sJ. Then the following conditions hold: 

(1) n t {z) = 0 on Ai\A[. 

(2) n t (z) = p to (z) on Ai\Ai(t 0 ) fort > t 0 > 0. _ 

(3) Let t 0 > 0 and let E be a component of A i '\A i (t 0 ). Then 

2 + _i_ i 

mod & t (E) = —^— mod A, 

for t >t 0 and hence mod < h 4 (i?) tends to infinity as t 0 —$■ oo. 

5.2 Bands and skeletons 

We now need to analyze in more detail the structure of the lifts of a multi-annulus. Let / 
be a geometrically finite rational map and let sJ C 3%f be a non-separating multi-annulus. 
A component B of nj 1 {^J) is called a band. It is of level 0 if it is periodic, or level n 
with n > 1 if f n (B ) is periodic but f n ~ l (B) is not periodic. 

Any band B is bounded by two eventually periodic arcs with a common attracting 
end and a common repelling end. We denote them by a(B) and r(B), respectively. A 
band B is periodic if and only if both of its endpoints are periodic. Consequently, bands 
of different levels have disjoint closures. 

The core arc of a band B is the lift of the equator of TTf(B) to B. Its two endpoints 
are exactly the endpoints of B. A skeleton of level n is a component of the union of 
core arcs of all the level n bands together with their endpoints. 

By the non-separating condition, each skeleton has exactly one complementary com¬ 
ponent intersecting Jf. The fill-in of a skeleton S, denote by S, is the union of S together 
with all its complementary components disjoint from Jf. Thus S is a full continuum, i.e. 
C's.S is connected. A filled-in skeleton is the fill-in of a skeleton. Each component of 
/ _1 (S') is also a filled-in skeleton. 

There is an integer n 0 > 1 such that for any skeleton S of level n > Uq, SnVf = 0. Thus 
one need only check finitely many levels of skeletons to see whether sJ is non-separating. 
The following proposition is easy to verify. 

Proposition 5.3. Let S be a periodic filled-in skeleton and x G S be a periodic point. 
Let k > 1 be the number of components of S^{x}. Let D x 3 x be a sufficiently small 
disk, such that Dx^S has k components U t whose closures contain the point x. Then Ui 
contains infinitely many points ofVf if there exists a periodic band B such that a(B) = x 
and UiAB^fty. 
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In general, the map / need not be injective on a filled-in skeleton. However, / is 
injective on periodic filled-in skeletons. 

Proposition 5.4. Let S be a periodic filled-in skeleton. Then f is injective in a neigh¬ 
borhood of S. 

Proof. We need only consider the case that S S. Let U be a component of S'xS'. Then 
U is a component of C~\S by the definition of S. We claim that U is bounded by either 
two periodic arcs a,/3 C S with a(a) = a(/3) and r(a) = r(/3), or one periodic arc 7 C S 
with a( 7) = r(7). Otherwise, if U is bounded by distinct periodic arcs 71, • • • , 7„ with 
n > 3, let p > 1 be an integer such that f p fixes all these arcs; then f p (U ) = U C J-f 
by the non-separating condition. Thus all the 7 ; have the same attracting ends. This 
is a contradiction. Therefore / is injective on U. This implies that / is injective in a 
neighborhood of S. □ 

By a band-tree of level n we mean a connected component of the closure of the union 
of all the level n bands and filled-in skeletons. 



Pick pairwise disjoint disks N(T ) D T for all periodic band-trees T such that N(T)\T 
is disjoint from the critical values of / and dN(T) fl Vf — 0. Then each component of 
/ -1 ( N(T)) is also a disk containing exactly one component of / _1 (T). 

For each level 1 band-tree Ti with /(Tj) = T, denote by iV(Tj) the component of 
f~ 1 (N(T)) that contains Tj. Then iV(Tj) is disjoint from all periodic band-trees. Since 
T\ is disjoint from Vf, taking N(T) small enough, we may assume that iV(!7j)\Tj is 
disjoint from Vf. 

For each n > 1 and each component T n of / -Tl+1 (Ti), let N(T n ) be the component 
of f~ n+l {N(Ti )) that contains T n ; then N{T n ) is a disk disjoint from band-trees of level 
k <n except for T n , and N(T n ) vT„ is disjoint from Vf. 

Note that there is an integer n 0 > 1 such that each band-tree of level n > is disjoint 
from Vf. By Lemma [ 2.91 diarn. s iV(T n ) — > 0 as n —> cxo uniformly for all n- level band-trees 
T n . We have proved: 

Proposition 5.5. There exist a constant M > 0 and a disk N(T ) D T for each band-tree 
T satisfying the following conditions: 

(a) dN(T) fl Vf = 0. 
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(b) f : iV(T)\T —» iV(/(T))\/(T) is a covering if T is not periodic. 

(c) mod (iV(T)\T) > M. 

(d) N(T n ) is disjoint from all band-trees of level k <n except for T n . 

(e) diam s N(T n ) —>• 0 as n -)• oo uniformly for all n-level band-trees T n . 

We will call such a choice of the neighborhood N(T) a Koebe space of the band-tree 
T, and the collection (iV(T)} a Koebe space system. For a band B or a skeleton S', 
we also use N(B) or N(S) to denote the Koebe space N(T) if B C T or S C T. 

For any point z 0 G C, its cu-limit set co(z 0 ) is defined to be the set of points z G C 
such that there exists a sequence of positive integers {n k } —* oo as k — » oo such that 
{/ nfc (zo)} —>■ £ as k —* oo. 

Proposition 5.6. (1) For any compact set E C C with -E , n7rJ 1 ( I g/) = 0, there is a Koebe 
space system (iV(T)} srtch that iV(T) fl E — 0 for every band-tree T. 

(2) Let zo £ C be a point such that oj(zq) is disjoint from all periodic band-trees. Then 
there is a Koebe space system {N(T)} sach that zo ^ iV(T) for every band-tree T. 

Proof. (1) This is a direct consequence of Proposition 15.51 (e). 

(2) Choose the Koebe space system {N(T)} such that for every periodic band-tree T 0 , 
N(Tq) is disjoint from the closure of the orbit of Zq. Then Zo N(T) for every band-tree 
T. 

□ 


5.3 Nested neighborhoods of a skeleton 


Denote by B n the union of all bands of level k < n for n > 0. Let (f) t , n be the normalized 
quasiconformal map of C whose Beltrami differential /i(di,n) is the truncation of p t up to 
the n-level bands, i.e. 




M0i) 011 &n, 

0 elsewhere. 


Lemma 5.7. For any fixed t > 0, {f>t,n} converges uniformly to (ft as n —>■ oo. 

Proof. For any fixed t > 0, the sequence { 4 >t,n} is uniformly quasiconformal and hence a 
normal family. Let if t be one of its limits; then the Beltrami differential of vanishes 

everywhere. So ° (ff 1 is conformal on C and thus = (ft by the normalization. □ 

The main objective in this sub-section is to prove the following lemma. 


Lemma 5.8. Fix n > 0. Let S be a skeleton of level j < n. Then there exist a constant 
M > 0, a sequence of positive numbers {4} —>■ oo as k —>■ oo, and a sequence of nested 
disks {U k } in C such that: 

(a) U k - i-i C U k , 

(b) n fc >0 Uk = s, and 

(c) mod <f t , n (Uk'^Uk+i) > M fort > t k . 

Proof. Let N(T) be a Koebe space system such that N(T) for all the band-trees T of 
level k <n are pairwise disjoint. Begin by assuming that j = 0, i.e., S is periodic. Then 
there is an integer p > 1 such that each periodic arc on S is fixed under f p . Then each 
periodic point x G S is fixed under f p . Let g = / p |at( 5 )- 
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Nested sub-bands and the choice of {£&}. For each component A C &/, let 

A ,o = AiW> A, 1 D • • ■ 3) Ai tk D ■ ■ ■ 

be a sequence of nested annuli such that dA ik consists of horizontal circles in A, and the 
equator e(A,fc) = e(A) satisfies. By Proposition 15.21 there exists a sequence of constants 
{tk > 0 } such that A(4) C A,fc- Thus for each component E of A,fc\A,fc+ij the modulus 
of is a constant for t > t k - Therefore we may further assume that 

mod &t(E) = 3 k for t > t k - 

Denote by the union of A,fc for all components A of &/. Then flfc>o^4 = 

Let B 0 be the union of all bands intersecting S. Let B k = B 0 D 7 rj 1 (^4). Then the {A,} 
(k > 0) are nested sub-bands with C\ k > 0 B k = S. 

Nested calyxes. Let x E S be a parabolic fixed point of g. Pick a calyx Wo(x) C 
N(S) of g at the point x such that Wo(x) D B 0 = {x}. Noticing that 7 r(Wo(x)) is 
the disjoint union of finitely many once-punctured disks, there is a holomorphic map 
A : 7r(Wo(r)) —* B* such that A is a conformal map on each component. 

Pick a constant r E (0,1). Set ro = l,ri = r and r k = r 1+3+ '" +3 for k >2. Let 

Wfc(r) = 7 T " 1 o A 1 (l®*(r fc )) fl W 0 (x) for k > 0 . 

Then the {V\4(x)} are nested calyxes at the point x. Let V\4 = UW4(x), the union over 
all parabolic periodic points x E S. 

Nested attracting/repelling flowers. Let x G S be a parabolic fixed point of g. 
By Proposition 12.151 there exist a regular attracting flower Vq~ (x) and a regular repelling 
flower V 0 “(z) of g at the point x in N(S), such that: 

• for each band B C B 0 , V^(x) is disjoint from B if x ^ B] and TiidV^ix) fl B) is a 
vertical arc in tt(B) if a(B ) = x (or r(B) = x), 

• for each component /3 of dV^(x) fl Wo(x), A ° ^(P) is a straight line in D*, and 

• The sets (x) for all parabolic periodic points x G S, are pairwise disjoint . 

Define V^ + 1 (x) = g ±3k (V±(x)) for k > 0 inductively. Then {Vj^(x)} (k > 0) are 

nested attracting and repelling flowers at the point x. Let V k = UV±(x), the union over 
all parabolic fixed points x G 5. 

Nested disks at hyperbolic points. Let x G S be an attracting or repelling fixed 
point of g. Pick a disk D x C N(S) with x G D x satisfying the following conditions: 

• g{D x ) C D x (or g~ l (D x ) C D x if x is repelling). 

• D x n V 0 ± = 0. 

• The sets D x for all periodic attracting and repelling points x G S, are pairwise 
disjoint. 

Note that the quotient space TA = D x /(g) is a torus. Denote by tt x the natural 
projection from D x to TA. Then n x (D x fl B 0 ) are mutually isotopic annuli. Pick a Jordan 
curve 7 C TA such that the intersection of 7 with each annulus is a vertical line. Then 7 
has a lift in D x that bounds a disk (x^) C D x . 

Define V k+l (x) = g 3 (V£(x)) (or g ~ 3 (V k (x)) if x is repelling) for k > 0 inductively. 
Then (V£(x)} (k > 0) forms nested disks with n fc >oV£(x) = {x}. Let V k = UV£(x), the 
union over all attracting and repelling points x G S. 
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Nested disk neighborhoods of S. Let V k = n V+ U V- and let 

U k = B k u v fc uw t ui 

Then {U k } ( k > 0) are nested disks with U k +i C U k and n k >oU k = S. 

Proposition 5.9. Let Q be a component of (B k _i\B k+ 1 ) D (Vfc\14+i) where k > 0 and 
i — 0,1. We obtain a topological quadrilateral by setting the horizontal sides to be 

= (B k _i\B k+ 1 ) fl dV k and a 2 = ( B k _i\B k+1 ) fl dV k +i- 


Then when t > t k +i, 


mod (f>t, n (Q) 


1 if i — 0, 

3/4 if i = 1. 


Proof. By the choice of dV k , 7T/(q;i) = tt f(a 2 ) is a vertical line in the annulus 7Tf(B 0 ). By 
the choice of B k , 7if(dB k ) are horizontal circles in 7if(B 0 ). Thus QP\g s (dV k ) is a horizontal 
line in Q for s G Z whenever it is not empty, and dB s fl Q is a vertical line in Q for 
k < s < l if it exists. Recall that for each component E of B k \B k+ i, mod7ry t o0 4 (E') = 3 fc 
for t > 4+i, and V k+l (x) = g 3k (V k (x)) (or g~ 3k (V k (x)) if x is repelling) for k > 0. Thus 
when t > 4+i, 


{ mod <j) t ,n{Q) 
mod (ft, n {Q) 



3 fc-! + 3 fc 


if i — 0, 

3 -f • i 

- if i — 1. 


_ □ 

Modulus control. Let N k = U k \U k +\. In the following we always assume t > t k . 

Then mod <f>t,n{N k ) is independent of t. We want to show that there exists a constant 
M > 0 such that 

mod (j> t , n (N k ) > M. 


The intersections of N k with B k , with W k and with V k are topological quadrilaterals. 
Their moduli are bounded from below by the following discussion. 


Q|T(B) Q™(P) 



Case 1. For each component B of B 0 \S, there is a unique component of B k DN k con¬ 
tained in B (denote it by Q k (B)) which becomes a quadrilateral by setting its horizontal 
sides to be dQ k (B ) fl dB k and dQ k (B ) fl dB k+i . Let M k (B ) = mod 4 >t,n{Qk{B)). 
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The set Q k (B ) is cut into three sub-quadrilaterals by <914• Denote the left, right and 
middle pieces by Q l k (B ), Q r k (B ) and Q™(B), respectively. Denote by M ki i(B ), M k ^ r (B) 
and Mk, m (B ) the moduli of their <4,n-images, respectively. Note that (pt,n{dV k D Q k (B)) 
are still vertical arcs in (pt, n {Qk{B )). By the choices of £4 and 14, we have: 

M k , m {B) = 3M k -i(B). 


By Proposition 15.91 


Thus 

1 


M k (B) 

It follows that 


M k j(B) = M k r (9?) = 1 for k > 0. 

1 1 1 _ 1 1 
3 M k ^{B) + M 0 ,i(B) + M 0 ,r(B) ~ 3 M k -\{B) + 


1 

M fc (5) 


< 


hwW) + 2 ( J + 5 + "' + 

1 o _. 1 

M 0 (B) + “'Mi' 



Case 2. For each component W of Wo\5', there is a unique component of W/, ; fl 
^ contained in IT (denote it by Qk{W)) which becomes a quadrilateral by setting its 
horizontal sides to be dQ k (W) fl<9144 and dQ k (W ) CdWk+i- Similarly to Case 1, we may 
show that there exists a constant M 2 > 0 such that 


mod(f) tt n(Qk(W)) > M 2 for k > 0. 

Case 3. For each component V of Vo\S', there is a unique component of V k fl N k con¬ 
tained in V (denote it by Q k (V)) which becomes a quadrilateral by setting its horizontal 
sides to be <9 Q k (V) D dV k and dQ k (V) n dV k+1 . Let M k (V) = mod </> tlTl (Q k (V)). 

For k > 1, there are exactly two components of B k _ 1 intersecting Q k (V). Denote the 
intersections by Q k (V) and Q k (V) for k > 0. These are quadrilaterals whose vertical sides 
lie on <9£4+i and <9/4 -1 • By Lemma [5.91 we have 

mod </>t, n {Qk(V)) = mod </> t , n {Q r k (V)) = 3/4 for k > 1. 

Set Q%(V) = Q k (V)\B k for k > 0. By the choice of V k , we get three pairwise disjoint 
sub-quadrilaterals of Q^(V) whose moduli equal to that of Q k _i(V), and whose vertical 
sides as subsets of the vertical sides of Q™(V). Then we can apply the standard Grotzsch 
inequality to get 

mod<4,n(Qr(V)) > 3 mod(j)t,n(Qk-i(V)) = 3M fc _i(V) for k > 1. 


Let 

Q'r(V) = oi n QT(V) and Ql m (V) = Ql n Qt(V). 
Also by Proposition 15.91 

mod ^ n {Qi m (V)) = mod faAQ™ (Y)) = 1. 
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As above, <f) tin (dQ™(V) n Q r k (V)) is a vertical line in cj) tjn (Q r k (V )); and <f> t>n {dQ™(y) fl 
Q{{V)) is a vertical line in <j>t,n(Ql(V )). By Lemma 12.41 we have 

1 / 1 1 4 , 4 

my) - 3 M i _ 1 (b) + 3 + 3 

1 


The numbers of components of N k fl B k , N k fl W k and N k fl V k are independent of 
k > 0; denote them by n i, n 2 and 77 . 3 , respectively. Applying Lemma 12.31 we conclude 
that 

1 ri\ n 2 Ti:i 1 

mod N k ~ ~M[ + W 2 + aT 3 M' 

Now suppose that S' is a skeleton of level j with 0 < j < n. Let U k be the domain 
chosen as above for the periodic skeleton f 3 {S). Let U k (S ) be the component of f~ 3 {U k ) 
containing S; then 

f j : f/ 0 (S)\Z4(S) -)■ C/ 0 \C4 
is a covering of degree d > 1. Thus 

mod0t )n ([/ o (S)\.£4(S)) = i mod0 tjn (C/ o \t4)- 

This completes the proof. □ 

6 Simple pinching 

In this section, we will prove Theorem 11.31 Let / be a geometrically finite rational map 
and let stf C be a starlike multi-annulus. Let ft — 4>t° f ° fif 1 (£ A 0) be the simple 
pinching path supported on . Recall that the map is normalized by fixing three 
distinct points 21,22 and 23 in Uq DVf, where Uq is a component of C\ 7 rJ 1 such that 
both U 0 nV f and dUo^Jf are infinite sets. By making a holomorphic conjugacy, we may 
assume that 23 = 00 , for the sake of simplicity. 

6.1 The angular space system 

Recall that for each component A of &/, A 'd A is an annulus essentially contained in A 
whose boundary consists of horizontal curves in A. Denote by A" the annulus bounded 
by the equators of the two annular components of A\A'. Then A' d A" d A, and dA" 
consists of smooth curves. Denote by the union of A" for each component A of srf. 
For each band B , we denote by B" the component of 7 contained in B. 

Let {A^(T)} be a Koebe space system of the band-trees. For each periodic band B, 
pick a smooth disk Ub 9 a(5) such that: 

• dU B n V f = 0, 

• U B C N(T) if BeT, 

• f(U B ) C Uf( B ) and 

• dU B H dB" contains exactly two points. 


< —-— + 4 =: —. 
- M 0 {V) M 3 


3 k M 0 (V) 


+ 1 + 
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Let D(B) = B"UUb ■ Then {D(B)} are pairwise disjoint disks, due to the assumption 
that the multi-annulus is starlike. For each level n band B n , f n (B n ) = B is a periodic 
band. Let D{B n ) be the component of f~ n (D(B )) containing a(B n ). Then D(B) d N(B) 
and {D(B)} are pairwise disjoint disks for all bands B. 

For each band B , denote by B' C B the band of si'. Then B' d D(B ) U r(B). We 
call D(B ) the angular space of B' , and {D(B)} an angular space system. 



Figure 6. The angular space D(B) of B'. 


Lemma 6.1. There is a constant K 0 < oo such that for any band B, any point z G 
dD(B)\r(B) and any holomorphic injection ( from N(B ) into C, there exists an arc 
5 C D(B) — B' which joins z to r(B), such that 

L(C(3)) < K 0 ■ dist(£(z), ((B')), 


where L(-) denotes the Euclidean length and dist(-, •) denotes the Euclidean distance. 

Proof. We only need to prove the lemma for bands B with r(B) G / -1 ( Vf) and for the 
holomorphic injection ( = id, by Koebe distortion Theorem. 

Let B be a periodic band with period p > 1. Since r(B) is repelling, there exists a 
disk V C N(B) with r(B ) G V such that <91^ intersects d B" at exactly two points on 
d D(B), f p is injective on V and V d f p (V). 

Let A be the multiplier of f p at the fixed point r{B). Then |A| > 1. By the Lin¬ 
earization Theorem, there exists a conformal map "0 : f p (V ) —> ij{f p {y)) C C such that 
jj(r(B)) = 0 and 0 o f p (z) = X ■ jj(z) on V. 

Let f3 = dD(B)-\{r(B)}. Denote by /3i, /3 2 the two arcs of (<95 // \{r(i?)}) D V. Then 
f p (/3i ) D Let 7 i = '0(A); then one endpoint of is the origin and the other endpoint 
of t i, denote it by Wi, is on f>(dV). 

For any two distinct points w, w' G 7 *, denote by 7 i(w, w') the arc on 7 j with endpoints 
w and w'. Since A is smooth, the Euclidean length X, wy)) is bounded. Moreover, 


L 



(Wi Wi\\ 
VA 2 ’ A )) 




Thus L 0 = L( y 'y i (0,w i )) is bounded and for any point w G 700, Wj), 


£(7i(0,w)) = l A l •L(70 O,w/A)). 

There exists a constant r 0 > 0 such that D(u;,r 0 ) C f p (V\B') for all points w G 
r Yi(wi/X,Wi). For each k > 1 and any point w G 'yAwi/X k+1 , Wi/X k ), since XodjlV OB') = 
A(f p (V)n B'), we have 0(w, r 0 /|A| fe ) C f p (V^B'). 
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By the Koebe Distortion Theorem, there exists a constant K\ < oo such that for any 
point z G fa, 

L(Pi(r(B),z )) < K\ dist e (A, B'). 

For each point z G /3\K, dist(z, B') is bounded from below, while L(/3(r(B), z)) is 
bounded from above since dD a ^ is smooth. Thus there exists a constant K 2 such that 

L(/3(r(B),z)) < K 2 dist e (z, B'). 

Combining the two inequalities above, we prove the lemma for the periodic band B. 

Now let B k be a band of level k > 1 with r(B k ) G / -1 (T/). Let V be the disk defined 
as above for the periodic band B = f k (B k ) and let p > 1 be the period of B. Let U, W 
be the components of f~ k (V) and / _fc (/ p (K)) that contain B k , respectively. Then there 
exists a conformal map £ : U —»■ W such that f k o£ = f k of p on U and £(B k C\U) = B k nW. 
This shows that r(B k ) is a repelling fixed point of £. By the same argument as the above, 
we may verify the lemma for the band B k . □ 


6.2 Modulus control 


Applying Lemma 12.21 and Lemma 16.11 we will control the modulus of (j)t(A) for certain 
annuli A C C in the following lemmas. 

Lemma 6.2. Let A C C be an annulus which contains 7tJ ] (,$/). Then there exists a 
constant K > 1 such that 

— mod A < mod0i(A) < K mod A 

for t > 0 . 

Proof. Since nj (,c/) c A, there exists a Koebe space system {N(T)} such that N(T) C A 
for every band-tree T, by Proposition 15.61 Let D(B) be an angular space system such 
that D(B) C N(B). 

Let p be an extremal metric on the annulus A. ft can be chosen to be p(z) = 
|(logy)'(^)|, where x '■ A — > A (r) is a conformal map for some r > 1. For each n > 0, 
denote by B' n the union of bands of the multi-annulus srf' with level k < n . Define 


Pn{z) 


0 on the closure of B ' n , 
p(z) otherwise. 


Let B be a band of level k < n and let B' C B be a band of .e/'. Let a be an 
arc in D(B) which joins two boundary points Zi,z 2 G dD(B). If a fl B' = 0, then 
L(p n , of) = L(p, a). _ 

Now we assume that a intersects B'. Consider the map logy (z)] it has a univalent 
branch £(z) on the disk N(B). By Lemma f 6 .ll there exist two arcs ^1,^2 C D{B) — B' 
which join Z\,z 2 with r(B), respectively, such that 

L(C(5i)) < K 0 ■ dist(£(Aj), C (B 1 )) for i = 1 , 2 , 


where Kq < 00 is the constant from Lemma 16.11 Set 6 = hi U {r(B)} U ^ 2 . Then 
6 C ( D(B)<B 7 ) U {r(B)} and 


L(p, 6) = L{ C(hi)) + L{ C(h 2 )) < A 0 • L(p n , a). 
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It follows that 


Width(p„, A) > — Width(p, A) and Height (p n , A) > —Height(p, A). 
Ko A 0 


Let p ttn be the pushforward of p n by 0^ n , i.e., 


Pt,n( W ) = 


0 , 


on the closure of 4>t,n{^'n)i 


I ( 0 t,n)'H \pn{(pt,n{w)) otherwise. 

Then p t . n is a conformal metric on (f) t ,n(A) since <f>t,n is holomorphic in C\£>' ; . Therefore 

Area(p t ,n, </>t,n(A)) = Area {p n ,A) < Area(p,A), 

Width (p tiU , 4>t,n( A )) = Width (p n , A) > Width (p, A) and 

Ao 

Height(p t , n , <£*,„(A)) = Height (p n , A) > —Height(p, A). 

Ao 

By Lemma 12.21 we have 


—2 mod A < mod (j>t jn (A) < Kq mod A. 

Ao 

Letting n —» oo and applying Lemma 15.71 and Theorem 12.51 completes the proof. 
From Lemma [6.21 and the normalization condition, we have: 


□ 


Corollary 6.3. For each domain D compactly contained in C\ 7 Tj 1 (^) ; there exists a 
constant C > 0 such that diam s 4>t(D ) > C for t > 0. 

Lemma 6.4. Let S be a skeleton. Then for any disk U D S and any constant M > 0, 
there exist a disk D D S with D ($= U and a constant t 0 > 0, such that 

mod (i> t (U\D) > M for t > to. 

Proof. We only need to prove the lemma for periodic skeletons. Let S' be a periodic 
skeleton. Let {A^(T)} be a Koebe space system and let {D(B)} be an angular space 
system with D{B) C N(B). Since N(B) is disjoint from periodic bands for each band 
B with level n > 1, by the Koebe Distortion Theorem, there exists a constant M\ < oo 
such that for any band B with level n > 1, 

diam (j> t , 0 (D{B)) < M 1 dist (<j> tfi (D{B)),d(fH,o{N(B))). 

By Lemma 15.81 for any constant M -2 < oo, there exist a constant to ^ 0 and disks 
Vi, V 2 with S C V 2 (e V\ C U fl N(S), such that 

mod 0 tjO (Vi\V 2 ) > M 2 for t > t 0 . 

Given any t > t 0 , by Lemma [2.11 there exists a round annulus A t = A(w Q , r 1; r 2 ) with 
center w 0 G 4>t,o(S) and with A t contained essentially in 0 t;O (bj \K 2 ) such that 

mod A = !^AM>M 2 -ihi2. 


2t r 


2vr 
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Denote by C 2 and Cj the outer and the inner boundary components of A t , respectively. 
Since Wq ^ (j) t ,o(N(B)) , if (j) t ,o(D(Bi)) fl C 2 7 ^ 0 for some band Bi with level n > 1, then 

dist(w 0 , 4>tfl(D(Bi))) > r 2 /(l + Mi). 

Similarily, if 0 t,o(-D(i? 2 )) n C\ 7 ^ 0 for some band B 2 with level n > 1, then 

dist(w 0 , <f> t fl(D(B 2 ))) < ri(l + Mi). 

Given any n > 1, the map (j) t ,n 0 4>tl i s holomorphic except on the closure of the union of 
all bands of level 1 < k < n. Define a conformal metric on A t by 


Pn{w) = 


p{w) = 


\dw\ 


\w — w 0 


on the closure of (f> t $(B ' n ), 
otherwise. 


Then 


Area (p n ,A t ) < Area (p,A t ) = 27r log(r 2 /ri) = 47 t 2 mod A*. 

For any arc a in A t joining its two boundary components, as in the proof of Lemma 16.21 


K n 


r 2 


L{pn, a) > — log- 2 log(l + Mi) , 


r 1 


where K 0 is the constant in Lemma [ 6 .11 Thus 


mod o^) (A) > 


Height (p n , A t ) 2 mod A 


> 


K 2 


1 - 


log(l + Mi 
7 r modA+ 


Combining these inequalities with the fact that </> t o(A t ) is contained in VixV^ essentially, 
we get 


mod0 tjn (Vi\V2) > 


M 2 - (5 log 2)/(27 t) 
K 2 


/ _ 2 log(l + Mi) 
\ 27 tM 2 — 5 log 2 


2 


for t > t 0 . 


Note that both constants Mi and K 0 are independent of the choice of n. Let n —> 00 . We 
get the lemma by Theorem 12.51 and Lemma 15.71 □ 


Lemma 6.5. Let Zq G C be a point which is not contained in any skeleton. Then for any 
disk U C C with zo G U and any constant M > 0, there exist a constant t 0 > 0 and a disk 
D <e U with zo £ D, such that 

mod (j) t (U\D) > M for t > t 0 . 


Proof. If Zo £ Tf, then { f> t } is uniformly quasiconformal in a neighborhood of Zo for t > 0. 
The lemma is trivial in this case. Now we assume that Zo £ Jf. 

Case 1. Assume that co(zo) is disjoint from the closures of all periodic bands. By 
Proposition 15.61 there exists a Koebe space system {A^(T)} such that z 0 ^ N(T) for every 
band-tree T. Let {D(B)} be an angular space system with D(B) C N(B). Then there 
exists a constant Mi < 00 such that for each band B and any holomorphic injection 
(■.N(B)^C, 

diam C (D(B)) < M x dist (C(D(B)), d((N(B))). 
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For any M > 0, let A be a round annulus with modulus mod A = M 2 and contained 
essentially in U \{Ao}- Using the argument in the proof of Lemma 16.41 we have a constant 
K 0 < oo such that 


mod (f> t>n (A) > 


M2 

K 2 

o 



log(l + Ml) 

7tM 2 


2 


for t > 0. 


Note that both constants Mi and K 0 are independent of the choice of n. Let n —> oo. We 
get the lemma by Theorem 12.51 and Lemma 15.71 

Case 2. Assume that r(S) G uj(zq) for some periodic skeleton S. Let (A r (T)} be a 
Koebe space system. By Lemma [6.41 there exist a constant M > 0, two disks Uq and U\ 
in N(S) with S C U\ < 3 = Uq and a constant t 0 > 0, such that 


mod</>t([/o\L r i) > M for t > t 0 . 


Without loss of generality, we may assume that S is fixed, i.e., f(S ) = S. Then f~ l {Ui) 
has exactly one component U' such that S C U’. Since r(S) is repelling, we may assume 
that (U 1 D Jf) C U\ (recall the construction of U n in Lemma [578]) . 

Now let f nk (z 0 ) G U\ be the first return of the orbit {f n (z 0 )}. Then f nk ~ 1 (z 0 ) ^ U\. 
Let 14,14' be the components of f~ nk (Uo ) and f~ nk {Ui) that contain zo along its orbit, 
respectively. Then 14\14' is an annulus around zq, which shrinks to the point zq by 
Lemma 12.91 Note that 

_ M 

mod (p t (Vk^V[) > — for t> t Q , 

K 

where K = maxfc>i deg Zk f k over all point Zk with f k (zk ) = r(S ) but f k ~ l (zk) 7 ^ r {S). 
Therefore, we may choose as many of them as possible such that they are pairwise disjoint, 
which forms the desired annulus. □ 


6.3 Proof of Theorem 11.31 

Lemma 6.6. The family {<f> t } (t > 0) is equicontinuous. Let tp be a limit of the family 
as t —> 00 . Then p(S) is a single point for each skeleton S. Conversely, for any point 
w G C, p~ l {w) is either a single point or a skeleton. 

Proof. We begin by proving that {<4} is equicontinuous. Pick a disk D 0 C C such that 
nj 1 (&/) C Do. From Lemma [2.11 and Corollary 16.31 we only need to prove that for any 
M > 0 and point z 0 G D 0 , there exists a disk D zo 3 z 0 such that mod0t(D o \D 2o ) > M 
for all t > 0 . 

Assume that Zo is contained in an m-level skeleton S. By Lemma 16.41 there exist a 
disk D D S with D C D 0 and a constant f 0 > 0, such that 

mod 4>t{Do-^D) > M 

for t > t 0 . Since {<4,t < 4} is uniformly quasiconformal, there exists a disk D zo 3 z 0 
with D zo C D , such that mod<4(A) ^D zo ) > M for t < t 0 . Combining these facts we get 
mod 4>t{D 0 \LL 0 ) > M for all t > 0 . 

Now we assume that zq is not contained in any skeleton. By Lemma 16.51 there exists 
a disk D Zo 3 zq with D Zo C D 0 such that 


mod^.DoxAj > M 
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for all t > 0 . 

Now we have proved that {eft} is equicontinuous. Let tp be a limit of the family as 
t —> oo. From Lemma [2.61 tp is a quotient map of C. By Lemma [6.41 for each skeleton 
S, tp(S) is a single point. Conversely, for each point w G C, if tp~ l (w) contains at least 
two points, we claim that tp^fw ) is a skeleton. Otherwise, let z\,z 2 be two distinct 
points in tp~ l {w ) which are not contained in one skeleton. By Lemma [6.41 and [6.51 there 
exist constants t 0 > 0 and M > 51og2/(27r), and an annulus A C C, such that the two 
components Di,D 2 of C\A are disks which contain the points z\ and z 2 , respectively, 
and 

mod (j>t(A) > M for t > t 0 . 

Note that both D\ and D 2 intersect W. Thus neither tp(D i) nor tp(D 2 ) is a single point. 
Therefore, there is a positive distance between them and hence (p(z±) ^ tp[z 2 ). This is a 
contradiction. □ 

Let (p be a limit of the family {c f t } as t —> oo. Let B be a periodic band with period 
p > 1 and let if be a component of B\S, where S is the periodic skeleton with S C B. 
Let x '■ —* A(l/r, 1) be a conformal map such that \x ° 7 T/(z)| —> 1 as z —* dB\S. 

Let W = <p(E). Then g = ip o f p o tp^ 1 : W —> W is a well-defined conformal map. From 
Proposition 15.11 we have: 

Lemma 6.7. There exists a universal covering tt : W —* O* with ir(wi) = tt (w 2 ) if and 
only if W\ = g k {w 2 ) for some integer k G Z such that the following diagram commutes, 


E 

X°TTf 


w 


A(l/r, 1) 


where w is the map defined in Proposition \5.1\ (f). 


Proof of Theorem ] 1JA From Lemmas 16.61 and lT7l {(ft) (t > 0) is equicontinuous. Let {t n } 
be a sequence in [0, oo) with {t n } —* oo as n —> oo such that {4>t n } converges uniformly 
to a quotient map ip. Let f tn = (f>t n ° / ° 4>t r ! ■ By Corollary 16.31 p> is injective on 

W := C\7Tj 1 (e(^/)). 

So {ft n } converges uniformly to a map g on any compact set in W and deg(< 7 | v (w)) = deg /. 
By Lemma [2.81 g is a rational map and {ft n } converges uniformly to g on C. 

Each skeleton S intersects Jf at exactly one point r(S). So tp is injective on Jf and 
hence it is a homeomorphism from Jf to tp(Jf). 

Since p(Jf) is a completely invariant perfect set and is contained in the closure of the 
periodic point set, we have <p{Jf) = J g - Since J g C\V g = p{JfC\Vf) and / is geometrically 
finite, g is a geometrically finite rational map. 

If there exists another sequence {t' n } in [ 0 , oo) with {t' n } —» oo as n — » oo such that 
{4>t' n } converges uniformly to tp, then {(p^ofocf)^ 1 } converges uniformly to another rational 
map g. Set if = pop -1 . It is a well-defined homeomorphism and ifog = goif. Moreover, 
if is holomorphic on the Fatou set T g . Thus if is a conformal map of C by Theorem 11.11 
By the normalization condition, we have if — id and hence p = p. Thus {eft} converges 
uniformly to tp and {ft} converges uniformly to g as t —> oo. □ 
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7 Simple plumbing 

In this section we will prove the following theorem. Theorem 11.41 and the sufficiency part 
of Theorem 11.21 are direct consequences of this theorem. 

Theorem 7.1. Let (G, Q ) be a marked semi-rational map with parabolic cycles in V G and 
#(Q\"Pg) < oo. Suppose that (G, Q ) has neither Thurston obstructions nor connecting 
arcs. Then there exist a marked rational map ( g , Qf), a sub-hyperbolic rational map f 
and a simple pinching path {f t } (t > 0) starting from f such that {f t } converges to g 
uniformly on C as t —> oo and (G, Q ) is c-equivalent to (g, Qi). 

7.1 Simple plumbing surgery 

Step 1. The cut-glue surgery. Let (G, Q ) be a marked semi-rational map with 
parabolic cycles in V' G and #(Q\ Vq) < oo. Denote by Y C V G the set of parabolic 
cycles. Pick a calyx for each cycle in Y such that the closure of their union W is disjoint 
from Q\T. The quotient space W/(G) is a disjoint union of once-punctured disks. Thus 
there is a natural holomorphic projection ir : W —» D* such that for each sepal W of W 
with period p > 1, 7 T : W —> D* is a universal covering and n (^) = 7t(^ 2 ) if and only if 
Zi = G kp (z 2 ) for some integer fceZ. 

Given any 0 < r < 1, let W(r) = 7r _1 (D*(r)) and lZ(r) = W\W(r). Then G(77(r)) = 
lZ{r). Thus there is a conformal map r : lZ(r 2 ) —> 7 Z(r 2 ) such that: 

(i) t(z) and z are contained in the same attracting petal but in different sepals. 

(ii) t 2 = id and G o r = r o G. 

The map r is unique up to composition with some iterates of G. 

Define an equivalence relation on C\W(r 2 ) by Zi ~ z 2 if r(zi) = z 2 . Then the quotient 
space is a punctured sphere with finitely many punctures. Thus there exists a finite set 
X C C and a holomorphic surjective map 

p : C\W(r 2 ) -> C\X 

such that p(zi) = p(z 2 ) if and only if Z\ = t(z 2 ). 

Let S = p(dW(r)\Y) U A". It is a finite disjoint union of trees whose vertex set is X. 
Let B = p{JZ(r 2 )). It is a finite disjoint union of disks, and S U X C B. 



Figure 7. Simple plumbing. 
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Step 2. The induced map after surgery. The semi-rational map can be pushed 
forward to the quotient space C\W(r 2 ) except on Wi := Cr _1 (W)\W since Gor = t oG 
on 7 Z(r 2 ), i.e. there is continuous map F 0 : C\p(Wi) —> C such that 

F 0 o p — p o G on C\G _1 (W). 

Since G is holomorphic in a neighborhood of W, F 0 is holomorphic in a neighborhood of 
B. Obviously, F 0 (X) = X , F 0 (S) = S and F 0 (B) = B. 

For each component B of B, B D X contains exactly two points. Let p > 1 be the 
period of B. The {Fq P (z)} converges to a point in B fl X for any point z G B. Denote it 
by a(B). Since each attracting petal of G at a point in Y contains infinitely many points 
of Vg, a(B) is an accumulation point of p(Vg'GY). 

Denote by r(B) the other point in B fl X. By condition (i) in the definition of the 
map r, r(B) is not an accumulation point of p(Vc^Y). Moreover, the closures of any two 
distinct components B 1; B 2 of B , are either disjoint or touch each other at r(Bi) = r(B 2 ). 
Consequently the set X can be decomposed into X = X a U X r such that a(B) G X a and 
r(B) G X r for each component B of B. Both X a and X r are fixed by Fq. 

Since G is holomorphic in a neighborhood of W, F 0 is holomorphic in a neighborhood 
of B. In the following we want to prove that cycles in X a are attracting and cycles in X r 
are repelling. 

Let y G Y be a point with period p > 1. Pick an attracting flower V of G at the 
point y such that each component of dTZ(r 2 )-\{y} intersects dV at exactly two points 
and r(dV fl 7^(r 2 )) = dV fl lZ(r 2 ). Then D = p(V\W(r 2 )) is a disjoint union of once- 
punctured disks whose punctures are contained in X a , and Fq (77) C D. This shows 
that each cycle in X a is attracting. On the other hand, pick a repelling flower V’ at 
y such that each component of dlZ{r 2 )\{y} intersects dV at exactly two points and 
t(<9V' ft F(r 2 )) = dV’ fl 7l(r 2 ). Then D’ = p(V , \W(r 2 )) is a once-punctured disk with 
puncture x G X ri and F 0 _A: (Z7 / ) C 77', where the inverse branch is taken along F 0 fc (x) = x. 
This shows that each cycle in X r is repelling. 

Step 3. Extension of the inverse map of the projection. Note that restricted 
to C\W the holomorphic projection p is injective and p(C\W) = C\£>. We want to 
extend its inverse map to be a quotient map of C as follows. 

Note that 7r(W) = B* and n (TZ(r)) = A(r, 1). Let w : A(r, 1) —> B* be the liomeo- 
morphism defined in Proposition 15.11 (4). i.e. 

if y/r < \z\ < 1, 
if r < \z\ < y/r, 

if r < \z\ < y/r. 

Then there exists a unique homeomorphism w : 7 Z(r) —>■ W such that it o w = w o tt and 
w — id on K{y/r). It follows that G o w = w o G on 7 Z(r). Dehne 

p- 1 : C <B -> C\W, 

w o p ^ 1 : B xS —y TZ(r) —> W. 

Then q : C\«S —> C\E is a homeomorphism. It is quasiconformal on any compact subset 
of C\i S and holomorphic in C\B', where B' C B is the interior of q ^ 1 (W (\/r)) . It can 



w(z) = z 

j arg w(z) = arg z 
i i t m 1 f, , , log(1/r) 

log K*) = Tt 1 + 1 °S oi m i / > 

2 V 2 log (\z\ r, 


logr 
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be extended to a quotient map of C by setting q(S) = Y. See the following commutative 
diagram: 

B\S W 

7TOp 1 7T 

A(r, 1) D* 

From G o w = w o G on 7£(r), we obtain that 

G o q = q o F 0 on C\g _1 (>Vi). 

Step 4. Construction of a marked sub-hyperbolic semi-rational map. Each 
component E of W is a full continuum which contains exactly one point of Q. Pick a disk 
U(E) D E such that U(E)^E contains no critical values of G, dU(E ) is disjoint from 
Q and all these domains U(E) have disjoint closures. Denote by Uq their union. Then 
U(E) contains at most one critical value of G. Thus each component of G -1 ( Uq) is a disk 
containing exactly one component of G -1 (W). 

Let U\ be the union of all components of G -1 (Co) which contain a component of Wi. 
Since Wi is disjoint from V G once Uq is close enough to W, we may assume that C/i\Wi 
is disjoint from Q. 

Define a branched covering F of C satisfying the following conditions: 

(a) F(z) = F 0 (z ) on C\g“ 1 (L r i) and hence G o q = q o F on C\g _1 (C/i). 

(b) F : g~ 1 (f/i\Yi) —>• q~ 1 (U 0 )\X r is a covering, where Tj = G -1 (y')\l\ 

Then F is a geometrically finite branched covering of C with 

q-\V G ^Y)UX a CV F C q-\V G \Y)UX, 

and V' F = q~ 1 {V' G 'GY) UT n . In particular, q(V F ) = E G . Set 

V = f'tQxLjUX 

Then q{V) = Q, (V F U F{V )) C V and < oo. 

Note that F is holomorphic in a neighborhood of q~ 1 (V G ). Since each cycle in V G \Y 
is either attracting or super-attracting for G , each cycle in q~ l (V' G XY) is either attracting 
or super-attracting for F. On the other hand, F 0 is holomorphic in a neighborhood of B 
and each cycle in X a is attracting. Thus (F,V) is a marked sub-hyperbolic semi-rational 
map. 

Step 5. Lift of the quotient map. For each component D of Ui, G : D —> G(D) is 
a covering with at most one critical value. On the other hand, F : q~ 1 (D) — > F(g' _1 (D)) 
is also a branched covering with at most one critical value, and they have the same degree. 
Thus the quotient map 

q-.F{q-\D)) = q-\G{D))^G(.D) 

can be lifted to a quotient map q : q^ 1 (D) —> D that coincides with q on the boundary, 
i.e. G o q = q o F on g _1 (D). 

Define q — q on C\g _1 (f/i). Then q is a quotient map of C and 

G ° q = q ° F. 

Since each component of q^iUi) is a disk containing at most one point of V, q is isotopic 
to q rcl (C\g” 1 (L r i)) U V. 
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Lemma 7.2. If IT is a fundamental set of F, qilT) contains a fundamental set of G. 

Proof. We only need to show that q(lT) contains an attracting flower at each cycle in Y . 
Pick a disk D x around each point x G X a in lT\q~ l {U\ ) such that dD x D S is a single 
point, F is univalent and holomorphic in D x and F(D) C D , where D denotes the union 
of the D x . Then V = q(D)XY is a disjoint union of disks, G is holomorphic in V and 
G(V) C V U Y. 

Let {G n (ta)} (n > 0 ) be an orbit converging to a cycle in Y but with G n {w ) ^ Y for 
all n > 0 . Let z n = q~ 1 (G n (w)). Then F(z n ) = z n+ \ once n is large enough and {z n } 
converges to an attracting cycle in X a as n —> oo. Thus z n G D and hence G n (w ) G q(D ) 
once n is large enough. Therefore V contains an attracting flower at each cycle in Y. □ 

Lemma 7.3. The marked semi-rational map (F, V) has no Thurston obstructions. 

Proof. Assume by contradiction that T is an irreducible multicurve of (F,V) with A(T) > 
1. Recall that S = q~ 1 (Y) is a star. Thus we may further assume that for each 7 G T, 
#(7 DiS) is minimal in its isotopy class. Since F : S —* S is bijective, k = #(7 Dd) < 00 
is a constant for 7 G T. 

If k — 0 , then for each 7 G T, q{ 7) is essential and non-peripheral in C \Q since 
q : V\X —)■ Q\Y is injective and q( X) = Y C V G . Thus T 1 = {^( 7 ) : 7 G T) is a 
multicurve of (G, Q). Noticing that G o q = q o F and that q is isotopic to q rel V, we 
have A(T) = AfTx) < 1 . This is a contradiction. 

Now we assume that k > 0 . Then there exists at most one component of F -1 (7) 
isotopic to a curve in T rel V for each 7 G T since F : S — > S is bijective. Thus for each 
7 G T, there is exactly one curve fd G T such that F _1 (/ 3 ) has a component isotopic to 
7 rel V since T is irreducible. Therefore each entry of the transition matrix M(T) is less 
than or equal to 1 . Because A(T) > 1 , there is a curve 7 G T such that 7 is isotopic to a 
component 5 of F~ p ( 7) rel V for some integer p > 1 and F p is injective on 6. 

Let U be a fundamental set of F that is disjoint from every curve in T. Since q(JT)\Y' 
contains a fundamental set of G and q is injective on C\< 5 , q( 7) is disjoint from a funda¬ 
mental set of G . 

Suppose 7 intersects at least two components of S. Let /3 be a component of 5(7) 
such that (3 joins two distinct points of Y. Then fd is isotopic to a component of G~ kp (fd) 
rel Q for some integer k > 0 since 7^(7 ft S) is minimal in its isotopy class and 7 is 
isotopic to a component of F~ p ( 7) rel V. Thus /d is a connecting arc of (G, Q). This is a 
contradiction. 

Suppose that 7 intersects exactly one component S of S. Let U\,U 2 be the two 
components of C\y. Since 7 is non-peripheral, each U t contains at least two points of V, 
and either one of them is not contained in S or one of them is contained in V' F since S 
contains exactly one isolated point of V. In the latter case, Ui contains infinitely many 
points of V. Consequently, each U % contains at least one point of V\.S. Thus Ui~\S has 
a component U' which contains at least one point of V~\S. 

Let y = q(S). Then there exists a component /d of <7(7)\{2/} such that fdU{y} separates 
q{U[) from q{U' 2 ). In other words, each component of C \(/3 U {2/}) contains at least one 
point of Q since qifP) = Q. As above, /d is isotopic to a component of G~ kp ((d ) rel Q for 
some integer k > 0 . Thus /d is a connecting arc of (G, Q). This is a contradiction. Thus 
(F,V) has no Thurston obstructions. □ 



7.2 Proof of Theorems 11.21 and 11.41 
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Proof of Theorem | 7. l\ Let ( G , Q ) be a marked semi-rational map with parabolic cycles 
in V G and #(Q\Vg) < oo. Suppose that (G, Q ) has neither Thurston obstructions nor 
connecting arcs. Let (F. V) be the marked sub-hyperbolic semi-rational map constructed 
in step 4. By Lemma 17751 and Theorem 14.31 there exist a marked rational map (/, V \) and 
a c-equivalence (fo,f 1 ) from (F,V) to (f,V i) on a fundamental set 7/ of F. 

Recall that F(F) = B and F is conformal in a neighborhood of B. Pick a disk D x C U 
around each point x G X a such that dD x D B is an arc and F(D) C D, where D denotes 
the union of the D x . Then srf = 7T/ o fo(D fl B) is a multi-annulus in From step 1 
and condition (b) in step 4, we know that s# is starlike. 

Proposition 7.4. For each component B of B, let B' be the component ofnf l (£/) such 
that a(B') = f 0 (a(B)). Then r(B') = f 0 (r(B)). 

Proof. Let p > 1 be the period of B. Let B = f 0 (B). Then B coincides with B' in a 
neighborhood of a(B'). Since deg a ( B ,) f p = 1, there is a unique component B k of f~ kp (B ) 

whose closure contains the point a(B') for k > 1. Consequently, B k coincides with B' in 
a neighborhood of a(B'). 

Note that f 0 (r(B)) G Pi is a repelling periodic point of /. Cut B into three disks 
B = U U V U W such that U C B 1 , V fl Vi = 0 and W is contained in a linearizable 
disk of the repelling periodic point 0 O i r (B)). Then each B k is also cut into three domains 
B k = U k U 14 U W k such that f kp {U k ) = U, f kp {V k ) = V and f kp (W k ) = W. Since 
f p (B') = B', we have U k C B' for k > 1. On the other hand, diarn s 14 —> 0 as k —> cxo 
by Lemma 12.91 and d\am. s W k —> 0 as k —y oo since W is contained in a linearizable disk. 
Thus r(B’) = □ 

By this proposition, we may assume by modification that 0o is holomorphic in B U U 
and is isotopic to </> 0 rel B VJU U V. Then f 0 (B) is the union of periodic bands of 
fo(B) is the union of periodic skeletons of srf and fi (F _1 (5)) is the union of skeletons of 
level at most 1 by the equation f 0 o F — f o f 1 . 

Let ft = ft ° / ° ft 1 (t > 0) be the simple pinching path of / supported on srf. By 
Theorem 11.31 {ft} converges uniformly to a rational map g and {ft} converges uniformly 
to a quotient map p of C as t —* oo, and g o ip = tp o f. Let Q\ = Then (g, Qf) is 

a marked rational map. 

For any point w G C, q~ l {w) is either a single point or a component of S, and q~ l {w) 
is either a single point or a component of F~ 1 (5). Let 

(o = p o f 0 o g” 1 and Ci — T ° fi ° Q 1 - 

These are well-defined quotient maps of C, and Co ° G — g o Ci • 

From the definitions of q and q, there exists a fundamental set U\ C U of F such 
that q o q^ 1 is isotopic to the identity rel q(U\ UBUP). By Lemma 17.21 there exists a 
fundamental set Uq of G such that Uq C qilAf). Note that q~ l (Uc U Q) C U.\ U B U V. 
Thus Ci is isotopic to 

Ci = p ° f i ° q~ l 

rel Uq U Q. Since f i is isotopic to fo rel U\ U B U V, Co is isotopic to p o fi o g _1 rel 
Ug U Q. Therefore Ci is isotopic to Co re l Gg U Q. 
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By Lemma [3.61 4>q{U\ ) is a fundamental set of /. Recall that <f>o[B) is the union of all 
periodic bands of sY. Let B' C B be the domain defined in step 3. Then (fto(B') is the 
union of all periodic bands of sY' C sY, and q(B') = W(y/r). Once U.\ is small enough, 
we may assume that 

0o(Wi\F) C 

Then <p is holomorphic in 0 o (GiThus Co is holomorphic in U(G)'\W(y/r). 

By the definition of q in step 3, q is quasi conformal on any domain compactly contained 
in C\i S and holomorphic in C\£>. Moreover, there exist holomorphic universal coverings 
TT\ : B\S — > A(r, 1) and 7 t 2 : W = q(B\S) —> D* such that 

• 7Ti(zi) = vr!(^ 2 ) if and only if z\ = F l (z 2 ) for some integer j 6 Z, 

• 7 T 2 (rui) = 7 r 2 (u; 2 ) if and only if W\ = G J (ta 2 ) for some integer j G Z, and 

• |7Ti(^)| —* 1 as z —> dB\S and the following diagram commutes, 


B\S W 


7T1 


7T2 


A(r, 1 ) O* 


where w is the map defined in Proposition 15.11 (4). Note that the map w commutes with 
any rotation of D*. Since (fto(B) is the union of all periodic bands of by Lemma [6771 C 0 
is holomorphic in W and hence in W U (Uc\W(y/r)) = UcGY = Uq- The last equality 
is because Co (Mg) is a fundamental set of g and hence is contained in the Fatou set of g. 

Obviously, Co ; Q —> Qi is bijective. Thus there exists a homeomorphism if 0 of C such 
that if o is isotopic to Co re l G g U Q- Let ifi be the lift of if 0 . Then it a homeo morphism 
of C isotopic to -00 rel Ug U Q by Theorem 1.12 in [4], and 


g o if x = lf 0 o G. 

Therefore (G, Q) is c-equivalent to (g, Qf). See the following diagram: 


C 

9 

c 



c 

G 

c 


□ 

Proof of Theorems \f.f \ and II.dl Let (G, Q ) be a semi-rational map with V' G ^ 0 and 
#(Q\'Pg) < oo. If (G, Q) is c-equivalent to a marked rational map (g, Qi), then (g, Qf) 
has neither Thurston obstructions nor connecting arcs, by Theorems 14.21 and 14.71 Neither 
does (G, Q). Conversely, if (G, Q) has neither Thurston obstructions nor connecting arcs, 
then (G, Q) is c-equivalent to a marked rational map, by Theorems 17.II and 14.31 □ 


Proof of Theorem \l.f\ This is a direct consequence of Theorem 17.11 


□ 







































47 

8 Distortion of univalent maps 

8.1 Modulus difference distortion 

Let V C C be an open set and let 0 : V —> C be a univalent map. Define 

% (0, V) = sup \ mod A(Ei, E 2 ) - modd(0(13i), 0(77 2 ))|, 
e 1 ,e 2 gv 


where E x , E 2 are disjoint full continua in V and A(Ei,E 2 ) C\(73i U E 2 ). Define 


@i {</>){z,w) 


\4>'(z)^(w)\\z- w 

° s |0(*)-0M| 2 


for (z, w) e V x V, z ^ w, and define 


= ||^i ((/>)(£, w)||oo 


Obviously, for i — 0,1, 

and for any Mobius transformations (3 and 7 of C, 

o0o/3, /3 _1 (D)) = ^(0, V). 

Theorem 8.1. Suppose that = 8 < 00 . Then 

(a) ^i(0, V) < 27 t5. 

(b) Assume that V contains 0, 00 and 0(1, r 0 ) for some r 0 > 0. 7/0 fixes 0,1 and 00 , 
then there exists a constant C(r 0 ) > 0 depending only on r 0 such that 

dist s (0(z),z) < C(r 0 )8. 

Proof, (a) We want to prove that S>\ (4>)(z,w) < 2 tt5 for z,w G V and z ^ w. Since 
^i(0, V) is invariant under Mobius transformations, we may assume that z — 0, w — 1, 
0(0) = 0 and 0(1) = 1. Then @i((j>)(z,w) = | log |0'(O)0'(1)||. 

Let Mo(r),mo(r) be the supremum and inhmum of \<f{z)\ on the disk D(r), and let 
Mi(r),mi(r) be the supremum and inhmum of | <f>(z) — 1| on the disk 0(1,r). Then 

d(D(M 0 (r)), D(l, Mi(r))) C d(0(D(r)), 0(0(1, r))) C >f(O(m 0 (r)), 0(1, mi(r))). 


By a direct computation, we have 

modd(D(ri),D(l,r 2 )) = — log(re(ri,r 2 ) + V K ( r i,r 2 ) 2 - 1), 

2 71 

where /c(ri,r 2 ) = (1 — r\ — r 2 )/(2r\r 2 ). Since both Mo (r)/r and mo(r)/r converge to 
|0'(O)|, and both M\{r)/r and m\{r)/r converge to |0'(1)| as r —> 0, we get 

| modM(D(r), 0(1, r)) — modd(0(D(r)), 0(0(1, r)))| = I \ft illll 7 - 0(r). 

2iT 


Letting r —>• 0, we deduce that | log |0'(O)0'(1)|| < 2n5. 
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(b) Set A 0 = |0'(O)|, Xi = |0'(1)| and A 2 = lim \z/<j)(z)\. Then | log A*A,-1 < 2nd for 

>-oo 

% ^ j. It follows that | log Ai| < 3nd for % — 0,1, 2 . 

For any point z G R\{oo}, we have (<f>)(z,w) < 2n5 for w G Letting 

w — * oo, we get | log |A 2 0'(z)|| < 2tt5. Tims 

| log |0'(,s)|| < 5n5 for z G R\{oo}. (8.1) 


Therefore 


log l^^ 1 ) ~^(" 2 )l 2 
\zi - Z 2 I 2 


< 107rh 


( 8 . 2 ) 


for any points z i, z 2 G Cx-foo} with z\ ^ z 2 . Applying (8.2) for the pairs (z, 0) and (z, 1) 
with \z\ < 2 , we obtain 


|!</>(-)| 2 - k| 2 | <4(e 10 m 5 -l), and 
||<R)-l| 2 -|z-l| 2 | <9(e 10 m 5 -l). 

It follows that 

| Re (4>(z) — z) | < 7(e 10nS — 1), and (8.3) 

| Im (4>(z) — z)\ ■ |Im (4>(z) + z)\ < 18(e 207r5 — 1). (8.4) 

Let s = max{l,r 0 /7}. Without loss of generality, we assume that e 107n5 — 1 < s/21. 
Then 

\(f>'(w)\ < e 5n5 < \/l + s/21 <2 for w G R\{oo}. 

For each point w G 0(1, s), we have D(m,6ro/7) C 0(1, r 0 ). Applying Cauchy’s integral 
formula on dD(w, 6r 0 /7), we get |0"(w)| < 1/(3s). Thus 


Re(0'H-0'(l))|<|0'H-0'(l)|< 


0"(CR 


< 1/3. 


Applying (8.3) for z = 1 + s, we get 

fl + S 


Re (0'(C) - 1R 


= | Re0(1 + s) - (1 + s)| < 7(e 10nS - 1) < 


By (8.5), we have 

|Re0'(l)-l| = 

< 

< 

Thus 


"l+s 


Re(0'(l)-lR 


'l+s 


Re(0'(C)-lR 


+ 


-l+s 


Re(0'(C)-0'(l))dC 


| ReRw) — 1| < | Re<//(1) — 1| + | Re (4>\w) — 0 7 (1))| < 1 
for w G ©(1, s). It follows that ReRic) > 0 for w G 0(1, s). Therefore 


Im0(l + is) = / Re0 , (C)d|C| > 0 . 


(8.5) 


o 
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Applying (8.4) for z = 1 + is, we obtain 


|Im (0(1 + is) — s)| < 18(e 207n5 — l)/s. (8.6) 

For each point z G D D V, let w± = z — (1 + is) and w 2 = (j>(z) — 0(1 + is). Applying (8.2) 
and (8.3) for the points z and 1 + is, we get 

IKI - \ w l\\ < 9(e 107r5 - 1) and 
| Re (wi — w 2 )\ < 14(e 107r<5 — 1). 


It follows that 

| Im (w 2 — wi)| • |Im ( w 2 + wi)| < 51(e 207r5 — 1). 


Since 

Im (0(z) + z) — Im (tc! + w 2 ) = Im 0(i + is) + s > s, 
we have either | Im (uq + w 2 )\ > s/2 or | Im (<j>(z) + z)| > s/2. In the former case, 

| Im (w 2 -w i)| < 102(e 207r<5 - l)/s 
by (8.7). Combining with (8.6), we obtain 

| Im (4>(z) — z)\ < | Im ( w 2 — wi) \ + |Im (0(1 + is) — s)| < 120(e 207r5 — l)/s. 


Applying (8.4) in the latter case, 

| Im (0(z) — z) | < 36(e 20nS — l)/s. 


(8.7) 


In summary, we have 

| Im (0(z) -z) | < 120 (e 20nS - l)/s. 

Combining with (8.3), we get 

| 0(z) -z\< 127(e 207r<5 - l)/s for ^ 6 D fl V. 

By considering l/0(l/z) and comparing spherical distance with Euclidean distance, we 
can get the constant C(r 0 ). □ 

Corollary 8.2. Let V C C be an open set and let ai (i = 0, 1,2/ be three distinct points 
in V. Let {0 n } be a sequence of univalent maps from V into C such that 0 n (a*) = a* for 
i — 0,1, 2. 7/^ o (0n, V) —* 0 as n —* oo, then {0 n } converges uniformly to the identity on 
V as n oo. 


Remark. Denote by the Schwarzian derivative of 0 and by \(z)\dz\ the Poincare met¬ 
ric on V if C\R contains at least three points. It is proved in HU that ll^(-) A 2 (-)l|oo < 
C5(| log 0| 2 + 1) for a universal constant C > 0, where 5 = 3>o(4>, V). 

In order to estimate @o{4>, V) we need the following quantity. 

Lemma 8.3. Let W C C be an open set with ff(C\W) > 2. Suppose that E is a 
measurable set with E C W . Then 


Area, p (E,W) := sup Area (p*,h(E)) < oo, 

h 

where the supremum is taken over all univalent maps h : W —> C* and p*(z) = l/|z| is 
the density of a planar metric on C*. 
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Proof. We may assume that W C C. Denote by d > 0 the Euclidean distance between 
E and dW , and by M the Euclidean area of E. Let h : W —> C* be a univalent map. 
Applying Koebe’s 1/4-Theorem for the disk D (z,d) with z & E, we have \h'(z)/h(z)\ < 
4 fd. Thus 


Area(p*, h(E)) 



dxdy < 


16 M 
~dP~ 


□ 


8.2 Nested disk systems 

Let X C C be a finite set. For each point x G X, let D x cCbea disk with x G D x . We 
will call {D x } xe x a nested disk system if D x A D y for distinct points x,y G X, and 
D x fl D y ^ 0 for x, y G X implies that either D x C D y or D y C D x . 

For any r G (0,1), let D x (r) = y _1 (0(r)), where y is a conformal map from D x to 
D such that y(x) — 0- Let s(r) : (0,1] —> (0,1] be a (non-strictly) increasing function 
with s(r) > r and s(r) —>• 0 as r —> 0. A nested disk system {D x } xeX is called s(r)- 
nested if for any two disks with D y C D x , D y fl D x (r) A 0 for some r G (0,1], we have 

D y C D x (s(r)). _ _ _ 

Let {D x } xe x he a nested disk system. Let W C C be an open set with C\kL ^ 0 
such that U x£ xD x (e W. For each point x G X, denote by V x the union of all domains 
D y with ?/ / i and D y C D x , and by W x the component of W containing the point x. 
Then V x C D x d W x . Let A G (0,1) be a constant. We will call that the nested disk 
system { D :r } x( ix is A-scattered in W if for any point x G A" and any univalent map 
h : W x —>• €*, 

Area(p*, h(V x )) < A • Area(p*, h(D x )). 

Let {D x } x£ x be an s(r)-nested disk system A-scattered in W. Obviously, for any 
subset X 0 C X, {D x } xe x 0 is also an s(r)-nested disk system A-scattered in W. For any 
univalent map 0 : W —> C, {4>(.D x )} xeX is an s(r)-nested disk system A-scattered in 
0(W). 

Theorem 8.4. Suppose that {D x } xeX is an s(r)-nested disk system X-scattered in W. 
Let D = U x( z X D x and D{r) = Li xeX D x (r). Then there exist a constant r 0 G (0,1) and an 
increasing function C(r) on (0, r 0 ) with C(r) —» 0 as r —> 0, which depend only on A and 
s(r), such that for any r G (0, r 0 ) and any univalent map 0 : C \D(r) — > C, 


%((/>, C\W) < C(r) ■ Area P {D, W ), 
and for any annulus A cC with d A 0 W = 0 and mod A < oo, 

mod A' 


mod A 


<C(r ), 


where A 1 is the annulus bounded by 0(ch4). 

Proof. For each point x G X, let k(x) = ff{y G X : D y D D x }. Then k(x) > 1 and D x 
is disjoint from D y if k(x) = k(y). Denote by A and A(r) the union of D x and D x (r), 
respectively, for all points x G X with k(x) = k. Let n = rna x{k(x) : x G X}. Then 


D = IiD/ 2 D"04_iD 
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Let r'i G (0,1) be a constant with s(rq) < min{(l — \/A) 3 ,1/64}. Given any r £ (Oyrx), 
let X[ = (a: G X : k(x ) = k} and let 

X' k = {x £ X : k{x) = k and D x D Ij(r) = 0 for all j < k} 

for 2 < k < n. Let I' k and I k (r ) be the union of D x and D x (r), respectively, over x £ X' k . 
Then I[ = 4 and I[(r ) = 4(r). 

Let A C C be an annulus with W C A and mod A < oo. Let xa be a conformal 
map from A to a round annulus in C whose core curve is the unit circle. Then p 0 (z ) = 
|(l°gXA) , (^)|/27r is an extremal metric on A, Width(p 0 , A) = 1 and 


Height(po, A) = Area(po, A) = mod A. 


Dehne Pk(z) for 1 < k < n inductively by 


Pk(z) = < 


Pk-i(z) 

Po(z) 


(1 — ^ s(r)) k 


0 


on A\I' k , 
on Ik^Ik(s(r)), 
on I' k (s(r)). 


Claim 1. We have p k (z) = 0 on I k (s(r )) for k > 1. 

Proof. Claim 1 is true for k — 1 since I[ — I\. For k > 2, we assume by induction 
that Pj(z) = 0 on Ij(s(r )) for j < k. Let x £ X be a point with k(x) = k. By definition, 
Pk(z) = 0 on D x (s(r)) if x £ X k . Now we assume that x X k , i.e. there is an integer 
1 < j < k such that D x fl Ij(r) 0. Let 


D x C D Xk l C • • • C D Xj+1 


be the unique sequence with fc(xj) = i (j < i < k). Then D x . C /* — Thus 

Pk{z) = pk-i(z) = ••• = pj(z) 

on D x by the dehnition of pi. Since D x fl Ij(r) ^ 0 , we have D x C Ij{s(r )) and hence 
Pk(z) = Pj{z ) = 0 on D x (s(r)) C D x . □ 

Claim 2. We have p k (z) = 0 on Uf =1 /,;(r) for k > 1. 

Proof. By definition, p\{z) = 0 on Ii(s(r)). Thus pi(z) = 0 on I\(r) since r < s(r). 
Assume that p k _i(z) = 0 on u/r/J^r) for k > 2. Then p k {z) = p k -\{z) = 0 on u/r/J^r) 
since u/t/ I t (r) is disjoint from I k by the definition of X k . Now Claim 2 follows from 
Claim 1. □ 

Claim 3. 

< — - on 4, 

(1-V*(r)y ° n + 1 - •? < k ' alld 
= po(z) on A\4. 

Proof. By definition, pj + 1 (z) = Pj(z) on A\/} +1 and 

A\/' +1 D A\/j +1 = (A\4) U (4\/ 2 ) U • • • U 


( 1 _ V s ( r )) fc 

p fc (2) <! < po(z) 


Thus p k (z) = po(z) on A \4 and = Pj(z ) on Now the claim is proved by 

induction. 
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Claim 4. For each 1 < k < n, 

Height^, A) > Height (p k -i, A) and Width(pfc,A) > Width(p*;_i, A). 

Proof. For each point x 6 X' k , the map log o^ A has a univalent branch h x on D x and 

mod h x (D x \D x (s(r))) = — ^ — — . 

Z7T 

Since s(r) < s(ri) < 1/64, by Lemma 1.1, there exists an annulus B x C D x \ D x(s(r)) 
which separates D x (s(r)) from dD x , such that h x (B x ) is bounded by concentric Euclidean 
circles and 

mod MB,) > 

Denote by C x C D x the disk bounded by the outer boundary of B x . 

Let 7 C A be a locally rectifiable simple closed curve or arc which separates (joins) the 
two components of C\A Assume that (3 is a component of yfl C x such that (3nD x (s(r)) ^ 
0. Then there is an arc /3' in C x which joins the two endpoints of /3 such that h x (/3') is a 
straight line segment, since h x (C x ) is a Euclidean disk. 

Denote by d\ > g ?2 the diameters of the two circles of dh x (B x ). Then ^2 < d\ \Js(r). 
By the definition of pu(z) and Claim 3, 

L(p k - 1 , /3') < (1 - V^)r k+1 di < (1 - V^))~ k (di - d 2 ) < L(p k , 0). 

Modifying every component of 7 D C x as above and making the modification for each 
point x G X' k , we get a simple closed curve (or an arc) 7 ' which separates (joins) the 
two components of C\A Since p k (z) > p k -i(z) on A — J/(s(r)), we have L(p k , 7 ) > 
L(pk-i, ')')■ The claim is proved. □ 

By Claim 4, 

Height(p n , A) > Height(p 0 , A) and Width(p n , A) > Width(p 0 ; A) = 1 . 

Thus Area(p n ,A) > Area(p 0! ^) by Lemma 12.21 We know {D x } xeX is A-scattered in W. 
Since xa ■ kF C A —» A(R) C C* is univalent and the metric p 0 is the pullback of the 
metric p* by xa, we deduce that for x G X with k(x) = k < n, 

Area(p 0 , I k+1 n D x ) < A • Area(p 0 , D x ). 

It follows that Area(po, h+ 1 ) < A • Area(po, I k ) and 

Area(p 0 ,/fc) < A fe_ 1 Area(p 0 ,A) < A fe_ 1 Area p (D, W). 

Therefore 


0 < 
< 

< 

< 


Area(p n , A) — Area(p 0 , A) 

n— 1 


E 




E 

k =1 
00 

E 




(Pn ~ P 0 ) dxd V + / / (Pn ~ Po) dxd V 
J Jin 

- 1^ Area(p 0 , I k ) 

1 I A fc ~ 1 Area(p 0 ,/i). 


(1 - A/s(r)) 2fc J 

1 
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Since s(r) is increasing and s(r) —* 0 as r —* 0, there exists a constant r 0 G (0, rq) such 
that (1 — yj s(r 0 )) 2 > A. Thus 

0 < Area(p n , A) — Area(po, A) 

< - --— Area(p 0 , h) := C{r) • Area (p 0 , h). 

(1 - A)[(l - V s ( r )) 2 - A 

Let A' C C be the annulus bounded by 0(<9A). Let p(w)\dw\ be the pullback of 
the metric p n (z)\dz\ under the map 0 on A\D(r) and zero otherwise, i.e. p((f)(z)) = 
p n (z)/\(j)'(z)\ for 2 G A\D(r). Then Area(p, A') = Area(p n , A), 

Height(p, A') = Height(p n , A) and Width(p, A 1 ) = Width(p n , A). 

By Lemma 12.21 

| mod A' — modA| < |Area(p n , A) — Area(po ; A)| < C(r ) • Area(poj h)- (8.8) 


Because Area(po, h) < Area p (iA, IT), we obtain 

%{<f>,C<W) < C(r) ■ Area p (D, W). 


Now assume that A C C is an annulus with dA fl W — 0. Then W is split into 
two disjoint open sets, W = W’ U W", such that W’ C A and W" fl A = 0. Consider 
the nested disk sub-system {D x } where x G X fl A. It is s(r)-nested and A-scattered 
in W'. Thus the inequalities (8.8) still hold with I\ replaced by A fl A. Obviously, 
Area(po, h O A) < Area(po> A) = mod A. We obtain 


mod A' 
mod A 



< C(r). 


□ 


8.3 Application to rational maps 

Let g be a geometrically finite rational map with T g ^ 0. Let A 0 be a finite set with 
g(X o) = Xq. Let X = Li n >og~ n (X 0 ). For each point x G X, denote by n(x) > 0 the 
minimal integer such that g n ^ x \x) G X 0 . 

Pullback system of A". Pick a disk U x 3 x for each point x G Xq such that 
contains no critical values of g and U x fl U y — 0 if x ^ y. 

For each point x G X with n{x) = 1, let y = g{x) and U x be the component of g~ l {U y ) 
that contains the point x, then U x is also a disk and is disjoint from g - 1 (X 0 ). 

Since x 0 V' g , we may require that tAx-fx} is disjoint from V g if U y is chosen to be small 
enough. 

For each point x G X with n(x) = n, let y = g n (x) and let U x be the component of 
g~ n (U y ) that contains the point x: then U x is also a disk and U y ~\{y} is disjoint from V g . 
Obviously, U x \{x} is disjoint from g~ n { X 0 ). By Lemma 12.91 max n ( x ) =n {diam s t4} —> 0 
as n —» oo. We have proved: 
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Proposition 8.5. There exist disks U x 3 x for all points x G X satisfying the following 
conditions: 

(a) U x \{x} contains no critical values of g. 

(b) U x \{x} is disjoint from V g if n{x) > 1. 

(c) U x \{x} is disjoint from g~ n (X 0 ) if n(x) — n > 0. 

(d) U x is a component of g~ l {U y ) if g(x) = y and n(x) > 1. 

(e) max n M =n {diam s U x } —* 0 as n —>• oo. 

We will call {U x } a pullback system of X. 

Let {U x } x& x be a pullback system of X. Given any r G (0,1], for each point x G X 0 , 
let U x (r) = y _1 (D(r)), where y : U x —> D is a conformal map with y(x) = 0- 

For each point x G X with n(x) = 1, let y = g(x) and let U x (r) be the component of 
9~\U y (r)) that contains the point x. For each point x G X with n(x) = n, let y = g n (x ) 
and let U x (r) be the component of g~ n (U y (r )) that contains the point x. Then {U x (rj} 
satishes conditions (a)-(d) and hence is also a pullback system of X. 


The notation U x (rj may cause misunderstanding. For each point x G X , let 


d{x) 


deg x g n ^ if n(x) > 1 , 
1 if x G X 0 


and 


d(X) = sup {d(x) : x G Xf < oo. 


Let x G X with n(x) > 1. Let y = g n ^ x \x). Then g n< - x l : C/ X \{x} —> U y \{y} is a covering 
of degree d(x). Let \ x and \y be conformal maps from U x and U y , respectively, to the 
unit disk ©, such that Xx( x ) — Xy{u) = 0- Then Xy ° 9 n ^ ° Xf 1 is a covering of O* of 
degree d(x). It follows that Xx(U x (r d ^)) = D(r). 


Nested disk system. Let {U x } x£ \ be a pullback system of X. Let n > 0 be given. 
Set D x = U x if n(x) = n. For each point x G X with n(x) = n— 1, let 

b(x) = {y G X : n(y) = n and D y D dU x ^ 0}. 

Set D x to be the component of U x \ U y ^b{ x ) D y that contains the point x. Then D x is a 
disk. Inductively, for each point iGl with 0 < n(x) — k < n — 1, let 

b(x) = {y G X : k < n(y) < n and D y D dU x ^ 0}. 

Set D x to be the component of U x \ U y ^b(x) D y that contains the point x. Then D x is a 
disk. Obviously, {D x } n ( x ^< n is a nested disk system. The following properties are easy to 
check. 


Properties of the nested disk system. Let x G X be a point. 

(1) D x C U x . 

(2) If D y C D x and |//i, then n(y) > n(x). 

(3) Given r 0 G (0,1), if any U y with n(y) > n(x) and U y 0 dU x ^ 0 is disjoint from 
U x fr o), then U x (r 0 ) C D x . 

Recall that for a nested disk system {D x } and for r G (0,1), D x (r ) is defined by 
D x {r ) = y - 1 (0(r)) for a conformal map y : D x —> D. Applying the Schwarz Lemma, we 
have: 

(4) D x (r) C U x (r d for r G (0,1). 

(5) If U x (r, 0 ) C D x , then U x (r 0 ■ r d ^) C D x (r) for r G (0,1). 
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Proposition 8 . 6 . Let {U x } x£ x be a pullback system of X. There exist constants r 0 , A G 
(0,1) and an increasing function s(r) : (0,1] —> (0,1] with s(r) > r and s(r) —* 0 as 
r —> 0, such that for any integer n > 0, the nested disk system {D x } generated from the 
pullback system {U x (ro)} at step n is s(r)-nested and X-scattered in U n {x)< n U x - Moreover, 
there exists a constant r' 0 G (0, r 0 ) such that for x G g~ n ( X 0 ) and r G (0,1] ; 

U x (r' 0 -r d ^)cD x (r). 

Proof. Denote by p(X) > 1 the maximum of the periods of cycles in X 0 . By Proposition 
ESI (e), there exists a constant r'i G (0,1) such that U x {rf) fl U y {rf) = 0 if x 7 - y and 
7i(x),n(y) < p(X). 

Let x G A " 0 be a parabolic or repelling periodic point with period p > 1. Let V be 
a repelling flower of ( g p , x) if x is parabolic, or a linearizable disk at the point x if x is 
repelling, i.e. g p is injective in V and V C g p {V). Since T g 7 ^ 0, there exists a disk 
E 0 C T g fl V such that E 0 fl (A" U V g ) = 0. Let { Ek} (k > 1) be the backward orbit of E 0 
in V under g p , i.e. g p (Ek+ 1 ) = Ek for k > 0. Then E is also a disk and {Ek} converges 
to the point x as k —* 00 . Thus there exists an integer k 0 > 0 such that Ek C U x {r\ ) for 
k > ko- For simplicity, we write Ek in place of Ek+k 0 - 

Again by Proposition 18.51 (e), we have U y {r-f) fl E 0 = 0 if n(y) is large enough, since 
E 0 HX = 0. Therefore there exists a constant r{x) G (0, ri) such that U y (r(x )) Pi E 0 = 
0 for all points y G A"\{x}. ft follows that U y (r(x)) fl E\ = 0 if n(y) > p. Hence 
U y (r(x )) fl Ei — 0 for all points y G A\{x} since E\ C U x {rf) and U y {rf) fl U x {rf) = 0 if 
y 7 ^ x and n(y) < p. Inductively, for each k > 1 , 

U y (r(x)) fl E k = 0 for all points y G X\{x}. 

Let r 2 = min{r(x)}, the minimum over all parabolic and repelling points x G AV 
Then for each parabolic or repelling point x G A 0 , we have a sequence of disks {E X) k} in 
U x which converge to the point x such that E X) k are disjoint from t/ y (r 2 ) for all points 
y G X\{x}. 

Let n 0 > 2 be an integer such that x fL g~ l {V g ) if n(x) > n 0 . Then there exists a 
constant r 0 G (0,r 2 ) such that the U x (r 0 ) are pairwise disjoint for all points x G g -n °(AA)). 
In the sequel we will write U' x := U x (r 0 ) for simplicity. 

For each point x G g~ n °(X 0 ) and each point y G A, if dist s (x, U' y ) —> 0 then n(y) —> 00 
and hence drain s U' y —>■ 0 uniformly. Thus there exist a constant r% G (0,ro) and an 
increasing function si : ( 0 , r 3 ] —> ( 0 , 1 ] with Si(r) > r and Si(r) —> 0 as r —» 0 , such that 
for each point x G g~ n °(X 0 ) and each point y G A", if [/' fl t/'(r) 7 ^ 0 for some r < ry, 
then n(y) > n 0 and t/' C C/'(si(r)). 

Let x G A be a point with n(x) > n 0 . Set k = n(x) —n 0 . Then n(g k (x)) = n{x) — k = 
7i 0 . For any point y G A with n(y) > n(x), if C/' fl U' x {r) 7 ^ 0 for some r < n, then 

d*<»> n n p( r )> # 0. 

Thus g k (U' y ) = U' at(y) c f/', w (si(r)) = g k (U'Is,(r))) and hence q c ££(«i(r)). 

For any integer n > 0, let {D x } be the nested disk system generated from the pullback 
system {U' x } at step n. From Property (3), we know that U' x {rf) C D x if n{x) < n. Set 
r' Q = r 0 • r 3 . By Property (5), 

U x [r' Q ■ A x) ) = U x (r 3 ■ r d{x) ) C D x (r) for r G (0,1], 
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Because Si(r) — > 0 as r —* 0, there exists a constant r 4 G (0,r 3 ) such that Si(r 4 ) < r 3 . 
For any two points x, y G X with n(y) > n(x) > n, if D y H D x ^ 0, then .D y C D x by 
Property (2). Assume further that D y fl D x (r ) 7 ^ 0 for some r < r 4 ; then 17' D U' x {r) 7 ^ 0 
since iA x (r) C U' x {r d ^) C U' x {r ) by Property (4). Thus 

A, C u; C A(«iM) c a, (Y^Af ) dM j ■ 

1 

Set s(r) = (si(r)/r 3 ) d ( x ) if 0 < r < r 4 and s(r) = 1 if r 4 < r < 1. Then {D x } is an 
s(r)-nested disk system. 

Now we want to prove that the nested disk system {D x } is A-scattered in U n (x)<nU x - 
Let x G X be a point with n(x) < no- If it is eventually attracting or super-attracting, 
then there exists a constant r(x) G (0,1) such that D x (s(r(x)))^{x} contains no eventu¬ 
ally periodic points. Set E x := D x {r{x)). Then for any disk D y with y 7 ^ x and D y C D x , 
E x fl D y = 0. Otherwise y G D y C D x (s(r(x))). This ia a contradiction. 

Assume that the point x G X with n{x) < n$ is eventually parabolic or repelling. Set 
z = g n ( x \x). From the discussion at the beginning of the proof, there exists a sequence 
of disks {E z k ) in U z which converges to the point z such that the disks are disjoint 
from U y (r 0 ) for all points y G X\{z}. In particular, there exists an integer k > 1 such 
that E Zj k C g n ^ x \D x ). Let E x C D x be a component of g~ n ^ x \E Xt k)- Then for any 
disk D y C D x with y 7 ^ x, D y 0 E x = 0. Otherwise, g n ^ x \D y ) intersects g n ^ x \E x ). It 
follows that g n ^ x \U y (ro)) = U g n( X )^{jy) intersects E Xt k, since n(y) > n(x). This is a 
contradiction. 

I 11 summary, for each point x G X with n(x) < no, there exists a disk E x C D x such 
that for any disk D y C D x with y 7 ^ x, D y 0 E x = 0. 

For any univalent map h : U x —> C*, applying the Koebe Distortion Theorem for h, 
we get a constant A x G (0,1) such that 

Area(p*, h{E x )) > (1 - A x )Area(p*, h(U' x )). (8.9) 

It follows that 

Area(p*, h(E x )) > (1 — A x )Area(p*, h(D x )) and 

Area(p*, h(D x \E x )) < X x ■ Area(p*, h(D x )). (8.10) 

Set A = max{A x }, the maximum over all points x G X with n(x) < n 0 . If n < no, the 
lemma is proved. Otherwise, for each point x G X with n 0 < n{x) < n, let k = n(x) — n 0 
and z = g k (x). Then n(z) = n{x) — k = n 0 . Let E x C D x be a component of g~ k (E z ), 
where E z is defined above. Then for any disk D y C D x with y 7 ^ x, we have D y 0 E x — 0. 

For any univalent map h : I7 X —>■ C*, applying the Koebe Distortion Theorem again 
for h o g~ k on U z , we get the inequality (8.9), where X x should be replaced by A. The 
inequality (8.10) follows. This completes the proof. □ 

Combining Proposition 18.61 and Theorem 18.41 we have: 

Theorem 8.7. Let {U x } xe x be a pullback system of X. Let V be an open set compactly 
contained in C\AL Then there exist a constant r 0 G (0,1) and an increasing function 
C(r) on (0,r 0 ) with C(r) —^0 as r — * 0, such that for any constant r G (0,r o ), if 

0:Cx 1J 

n(x)<n 
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is univalent for some integer n > 0 , then ^ o (0, V ) < C(r). 

Recall that if q is a quotient map of C and A C C is an annulus, then g - 1 (7l) is also 
an annulus. The following lemma will be used in §9. 

Lemma 8.8. Let {U x } be a pullback system of X. Then there exists a constant r 3 G (0,1) 
such that if 

(a) Ai C A 0 are annuli in C such that A\ is contained essentially in A 0 and for any 
point x G X, U x D dA 0 ^ 0 implies that U X C\ A\ — 0 ; and 

(b) q is a quotient map of C such that 

q- 1 : C\ |J UJ7,) -G C 

n(x)<n 


is univalent for some integer n > 0 , then rnodg x (Ao) > (modAi)/ 2 . 

Proof. By Proposition 18.61 there exist constants 0 < r± < r[ < 1 such that for any integer 
n > 0, we have U x {rf) C D' x if n(x) < n, where {D' x } is the nested disk system generated 
from the pullback system {U x (r[)} at step n. 

Applying Proposition 18.61 for the pullback system {U x (ri)}, there exist constants A G 
( 0 , 1 ) and 0 < r 2 < r' 2 < ri and an increasing function s(r) : ( 0 , 1 ] — y ( 0 , 1 ] with s(r) > r 

and s(r) —* 0 as r —> 0, such that for any integer n > 0, the nested disk system {D x } 

generated from the disk system {U x (r' 2 )} at step n is s(r)-nested and A-scattered in 
W := U n (x)< n U x (ri) and U x (r 2 ■ r d{ -A) c D x {r) if n{x) < n. 

Fix any n > 0. Then U x (r i) C D' x C U x if n(x) < n. Since {D x } is a nested disk 

system, by assumption, there exists an annulus B n C A 0 such that dB n P\ (U n ( x )< n D x ) = 0 
and A\ C B n . In particular, dB n fl W — 0 since W C U n {x)< n D' x . 

By Theorem 18.41 there exists a constant r 3 G (0, r 2 ), which is independent of the choice 
of n, such that for any univalent map 0 : C\ U n ( 3 ,)< ri D x (r 3 ) —> C, we have 

mod B' n _ 1 

mod B n ~ 2 ’ 

where B' n is the annulus bounded by <f>(dB n ). 

Set r 0 = r 2 o r^ x K Then U x (r 0 ) C D x (r 3 ) if n(x) < n. Let q be a quotient map of C 
such that g _1 is univalent in C\U n ( x )< n C4(ro); then q is univalent in C\U n (x)<nD x (r 3 ). 
Therefore 


modg 1 (A 0 ) > mod q 1 (B n ) > ( mod B n )/2 > ( modA!)/2. 


□ 


9 Hyperbolic-parabolic deformation 

In this section, we will prove Theorem 11.51 Let / a geometrically finite rational map and 
let .5/ C be a non-separating multi-annulus. Then there exists an integer n 0 > 1 such 
that all the hlled-in skeletons of level n 0 are disjoint from Vf U Llf. Thus all the hlled-in 
skeletons of level n are disjoint from / _ 1 ('P/) for n > n 3 . We will prove the theorem 
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under the assumption no = 1 for simplicity. The proof in the case no > 1 has no essential 
difficulty. The following notation will be used in this section: For n > 0, 

B n is the union of all bands of level k < n, 

S n is the union of all hlled-in skeletons of level k < n, 

T n is the union of all band-trees of level k < n, and 
X n is the interior of T n - 

9.1 Piecewise pinching 

Recall that <f t , n is the normalized quasiconformal map of C with Beltrami differential 
= h( 0 t) on &n and zero otherwise. 

Lemma 9.1. Let n > 0 be fixed. Then converges uniformly to a quotient map ip n 

as t —> oo. For each filled-in skeleton S C S n , p n (S ) is a single point. Conversely, for 
any point w G C, <p~ l (w) is either a single point or a filled-in skeleton in S n . 

Proof. We begin by proving that {4>t,n} is equicontinuous for the given n. For each hlled- 
in skeleton Si C S n , by Lemma 15781 there exist a constant M > 0, a sequence {t k > 0} 
(k > 0) with t k —* oo as k —* oo, and a sequence of nested disks {£4} such that £4+i C U k , 
n fc > 0 U k = Si and mod^ t ,n(U k \U k+1 ) > M for t > t k . Thus 


mod f>t in (Uo'\Uk+i) > kM for t > t k . 


For any e > 0, by the normalization condition and the above inequality, there is an integer 
k > 0 such that 

dia xa s (ft, n {U k ) < £ for t > t k . (9.1) 

Let Di = £4 + i. Since {ft,n} is uniformly quasiconformal for t < t k , there exists a 
constant Si > 0 such that for any two points z\ G Di and Z 2 G C with dist, s (^i, zf) < Si, 

dist s (^ n (^i), (j> t , n (z 2 )) <£ for t > 0. (9.2) 

Let D be the union of all the domains Di taken above for all hlled-in skeletons S t C S n . 
Let W = C\iS n . Then W is connected and C \D C W. Thus there exists a domain 
V <s W such that D C V. The family {ft,n} is uniformly quasiconformal on V and hence 
is equicontinuous by the normalization condition. Thus there exists a constant 5o < 0 
such that for any points Z\ G C \D and G C with dist s (z 1 , z 2 ) < the inequality (9.2) 
holds. 

Set 5 = min{4:}- Then (9.2) holds for any two points Z\, z 2 £ C with distal, z 2 ) < S. 
Thus {ft,n} is equicontinuous. 

Let ip n be a limit of <f t ,n as t —> oo. By (9.1), p n {Si ) is a single point for each hlled-in 
skeleton Si C S n . Since (p n is a quasiconformal map on any domain compactly contained 
in W, it is injective on W. 

If is also a limit of {f>t,n}, then o ip~ l is a well-dehned homeomorphism of C, 
which is holomorphic except on a finite set. Thus it is a global conformal map. So = ip n 
by the normalization. Therefore {ft,n} converges uniformly to ip n as t —» cxo. □ 
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9.2 The candidate pinching limit and the proof of Theorem 11.5 

Let n > 1 be fixed. Then {(pt,n -1 ° / ° 4>~tX\ are rational maps which converge uniformly 
to a rational map g n as t —> oc, by Lemma [9.11 and Lemma [2.81 Obviously, 

(fin— 1 ° f 9n ° ^ri- 

Pick a Koebe space system (iV(T)} for the band-trees. Denote by iV n the union of 
the Koebe spaces of the level n band-trees. Then N\ is disjoint from Vf U Tlf by the 
assumption. Note that p)\ o 1 is a well-defined quotient map of C, which is univalent 
in C'\tpo(Ni). Thus there exists a homeomorphism 9\ of C such that 9\ = <pi o ip^ 1 on 

C\^ 0 (Ah). 

Dehne G = <71 o 9 1 . Then G is a branched covering of C which is holomorphic in 
C\y?o(-Ai). Let </?o = 0 </h- Then 

h 0 o/ = Go ^ 0 on C, 

\^o = To on C\AT 

Thus ^0 is isotopic to rel C\iVi since N { is a disjoint union of disks whose closures are 
disjoint from Vg- Obviously, Vg = Toi'Pf) C C\tp 0 (N 1 ). See the commutative diagram: 



Recall that V S G C Vg is the set of super-attracting periodic points of G. 

Lemma 9.2. The map G is a semi-rational map which is holomorphic in a neighborhood, 
ofV s G . IfU is a fundamental set of f, then <p 0 (U) contains a fundamental set of G. 

Proof. Note that Vg = To(fPf) is contained in C\yy,(Ah) and G is holomorphic in 
C\^o(-^i)- Thus G is geometrically finite and holomorphic in a neighborhood of Vg- Let 

Y = (So). Then Y C V G and G{Y) = Y. We only need to show that each point y EY 

is a parabolic periodic point of G and that there exists an attracting flower at y in To{ld) 
such that each of its petals contains points of Vg- 

Let S = Pq 1 {y)- This is a periodic blled-in skeleton. Denote by X the set of attracting 
or parabolic periodic points in S. This is a non-empty finite set. For simplicity, we may 
assume that each point in X is a fixed point of /. 

Let U C C\iVi be a fundamental set of /. For each point x G A", if x is attracting, 
then x G U. Thus there exists a disk D x C U with x G D x such that / is injective on 
D x and f(D x ) C D x . Moreover, we may require that dD x intersects each component of 
S'xjx} at a single point or a closed arc. Then for each component U of D X ^S, we see that 

V = To(U) is a disk and G{V ) C V U {y}. By Proposition 15.31 the domain U contains 
infinitely many points of Vf. Thus the disk V contains infinitely many points of Vg- 

Now suppose that x G X is parabolic. Then there exists an attracting flower V x of / 
at x such that V x C U. We may also require that each component of <914\{x} is either 
disjoint from S or intersects each component of SW-fcc} at a single point or a closed arc. 
Then for each component U of V X \S, V = To(U) is a disk and G(V) C V U {y}. By 
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Proposition 15.31 the domain U contains infinitely many points of Vf. Thus the disk V 
contains infinitely many points of Vg- 

Denote by V y the union of ToifJ) for all components U of D X \S and V X \S' for all 
point x G X. Let {w n = G n (w )} be an orbit in C\<^o(-^i) converging to the point y as 
n —>■ oo. Then {z n = <Pq 1 (w n )} converges to a point x G X and f(z n ) = z n+1 . Thus once 
n is large enough, z n is contained in D x if x is attracting, or V x if x is parabolic. So w n is 
contained in V y once n is large enough. Therefore the point y is a parabolic fixed point of 
G and V y C To{U) is an attracting flower of (G, y ) by Lemma 12.131 Since each component 
of V y contains infinitely many points of Vg, the branched covering G is a semi-rational 
map and To(U) contains a fundamental set of G. □ 

Lemma 9.3. The semi-rational map G has neither Thurston obstructions nor connecting 
arcs. 

Proof. Let T be a multicurve in C\P<?. Since (po(Ni) is a disjoint union of disks whose 
closures are disjoint from Vg, we may assume that 7 is disjoint from To(Ni) for each 
7 G T. Let T' = {</?o 1 ( 7 ) : 7 G T}. Then D is a multicurve of / and A(T) = A(T') since 
To 0 / = G o ip 0 on C\iVi and Vg = To(Pf)- Thus A(T) < 1 since / has no Thurston 
obstructions. Therefore G has no Thurston obstructions. 

Assume that Po C C XPq is a connecting arc which connects two points y ± in V' c . i.e., 
either y~ 7 ^ y + or y~ = y + and both components of C\(/?o U {?/ + }) contain points of Vg', 
Po is disjoint from a fundamental set of G and G~ p (Po) has a component Pi isotopic to 
Po rel Pg for some integer p > 1 . We may assume that both Pq and Pi are disjoint from 
To(^i)- 

By Lemma 14.61 we may further assume that Pi coincides with Pq in a neighborhood 
of the endpoints {y 1 * 1 }. Then p 0 can be divided into three arcs: Pq, Pq and the middle 
piece Pq, such that Pf := (G' p |^ 1 ) _ 1 (/9^) C Pq. Thus { P^ := (G' p |^ 1 ) _fc (/3^ = )} converges to 
the endpoints {y 1 * 1 } as k —> 00 . 

Set 5]f = Tf l (Pk) f° r all k > 0. Then <5 ^ +1 C and f p (5^ +1 ) = Sjf. Thus 5^ lands 
on a repelling or parabolic periodic point a ± of / by Lemma [2. 161 and {<5^} converges to 
a ± as k —> 00 . Note that y ± = (^ 0 (a ± ). Thus a ± E V^LI S 0 . 

Let So = To 1 (Po)- Then f~ p (So ) has a unique component <5i isotopic to So rel P/Uja 111 } 
since tpo is isotopic to tpo rel Vf. So 5± C <5i. For each k > 2, f~ kp (So ) has a unique 
component 5k isotopic to rc l Pf U { a± }- Therefore Sjf C Sk- Set 5° = 4 x(yu^-). 
Then its spherical diameter converges to zero as k —> 00 by Lemma 12.91 Thus a = a + 
and 5k converges to the point a + . In particular, the Jordan curve U {a + } does not 
separate the points of Vf. Thus y~ = y + and one component of C\(/3 0 U {r/ + }) is disjoint 
from Vg- This is a contradiction. □ 

Lemma 9.4. There exists a rational map g, a sequence of normalized quotient maps {£ n } 
(n > 0) of C, a fundamental set Uf of f and a fundamental set U g of g such that the 
following conditions hold: 

(a) f 0 (S 0 ) consists of some parabolic cycles of g. 

(b) X 0 U Vf C Uf and £ 0 (Uf) = U g U £o(£o)- 

(c) gof n+ i = Uof. _ 

(d) ^ n+ i is isotopic to rel f n {Uf U Vf). 

(e) <p n o is quasiconformal on C and holomorphic in g~ n (U g ). 
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Proof. Let Y G = tpfiS G ) and W G = (/?o(X 0 \5o). Then Y G C V' G and ^o(X 0 ) = W G U Y G . 
Each cycle in Y G is parabolic and each component of W G is a sepal of G at a point in Y G . 

Applying Theorem 11.21 and Lemma [9731 to G , we get a normalized c-eqnivalence (ifo, ifi) 
from G to a rational map g. By Lemma [3.81 we may choose the c-equivalence such that 
if 0 is quasiconformal on C and if\ = ifo in a neighborhood N of V' G . 

Since W G fl'P G = Y G , using a similar argument as in the proof of Lemma 13.81 we may 
require further that W G (s N, ifo is holomorphic in W G and ifi = ifo on W G . Thus there 
exists a fundamental set U G of G with W G C U G such that if 0 is quasiconformal on C 
and holomorphic in U G , and ifi is isotopic to if 0 rel U G U V G by Lemma [3771 We may also 
assume that V G C U G since G is holomorphic in a neighborhood of V G . 

Set Uf = (fQ l {U G ) UX 0 . Then ipofUf) = U G U Y G . Thus Uf is a fundamental set of 
/. Set £0 = fi’o 0 To an d £1 = if 1 o fi Q . Then g o o / and £1 is isotopic to £ 0 

rel Uf U Vf. Set U g = ifo(U G ). This is a fundamental set of g by Lemma [3761 We have 
= ifo(Y G ) and £ 0 (Uf) = U g U ifo(Y G ). Obviously, tp 0 o = if^ 1 is quasiconformal 
on C and holomorphic in U g . 

Let £ n+ i be the lift of for n > 1. Then g o £ n+1 = f n o f and £ n+ i is isotopic to f n 
rel f~ n {Uf U Vf). Recall that 

g n +i o (ip n+ 1 o £“+i) = (<p n o f- 1 ) o g. 

Thus ip n o is quasiconformal on C and holomorphic in g~ n (U g ). See the following 
commutative diagrams: 



□ 

Set f t ,n '■= £n 0 (ft 1 f° r L n A 0. For each periodic Ellcd-in skeleton S, £o{S) is a 
parabolic periodic point in V' g . Let Y 0 = £ 0 (^ 0 ) • Then g(Y 0 ) = Y 0 . Let Y = U n >pY n . We 
will prove the following lemma in §9.3 and §9.4. 

Lemma 9.5. (1) For fixed t > 0, converges uniformly to a quotient map q t of C as 

n ->■ 00 , and q t o f t = go q t . 

(2) For each filled-in skeleton S, q t o<f t (S) is a single point. Conversely, for each point 
w G C, (q t o cffi^fw) is a single point if w ^ Y, or else is a filled-in skeleton. 

(3) The sequence {q t } converges uniformly to the identity as t —> 00 . 

Proof of Theorem [7751 By Lemma T9.51 qt 0 ft. = g 0 qt and { q t } converges uniformly to the 
identity as t —> 00 . It follows that {fi} converges uniformly to g as t —» 00 . 

Because f t ,n = 0 (ft 1 an d {£t,n} converges uniformly to q t as n —> 00 , we get 

Qo = Qt 0( ft■ Thus {(ft} converges uniformly to q 0 as t > 00 since {q t } converges uniformly 
to the identity as t —* 00 . 

Let X 0 — So fl Jf and X = U n >of~ n (X 0 ). Then qo(X) = Y by Lemma [9751 (2). Thus 
qo(Jf) = J g since X is dense in Jf and Y is dense in J g . 

Denote by Ai(g ) the space of ^-invariant Beltrami differentials ft on T g with H/iHoo < 1. 
For each ft e A 4(g), let (fp be a quasiconformal map of C whose Beltrami differential is 
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Jl. Then g g := (pji o g o <pz l is a rational map whose holomorphic conjugate class [gjJ\ 
is contained in 9Jt[g]. Conversely, since J g has zero area [IS], each element of 9Jt[g] is 
represented by such a rational map g 

Define an equivalence relation on A4(g) by Jl.\ ~ Jl 2 if (f>ji 2 o 0~ 1 is isotopic to a 
conformal map of C rel V y . Then Jl\ ~ JI 2 if and only if there exists a holomorphic 
conjugacy between g gi and g g2 in the corresponding isotopy class (refer to Lemma [3791 or 

Fl 

Recall that £% g is the set of wandering points in the attracting and parabolic basins 
of g whose orbits contains no points of V g , and ir g : & g —> & g is the natural projection. 
Each Jl G M(g), restricted to & g , can be pushed forward to be a Beltrami differential /j 
on 3% g , which is exactly the Beltrami differential of the pushforward : £% g —> & g ~ of 
the quasiconformal conjugacy 0^. If Ji.\ ~ Jl 2 , then <I > M2 o 4m 1 is isotopic to a conformal 
map. Conversely, if 4> /12 o is isotopic to a conformal map and Ji\ = Jt 2 in all super- 
attracting basins of g, then there exists a holomorphic conjugacy between g gi and g g2 in 
the corresponding isotopy class. 

Let W = £o(2o)\lo. This is a disjoint union of calyxes of g , and 7t 9 (W) C M g is 
a finite disjoint union of once-punctured disks whose closures are pairwise disjoint. We 
claim that for each Beltrami differential // on & g with ||/i||oo < 1, there exists a Beltrami 
differential v on & g with ||zz||oo < 1 , such that v = 0 on tt s (W) and o is isotopic 
to a conformal map. 

Pick a large once-punctured quasi-disk for each component of 7 r 9 (W) such that they 
also have disjoint closures and 7 r s (W) C J2, where JS is their union. Then there exists a 
quasiconformal map T : & g —f ^ g (^ g ) such that T = on cS and T is holomorphic 
in 7T g (W). Thus T is isotopic to Let v be the Beltrami differential of T; then v satisfies 
the conditions in the claim. 

For each Jl G Ai(g), by the claim, there exists a Beltrami differential v G M(g) such 
that v — Jl on C\<^ 5 , v = 0 on the grand orbit of W and g„ = g g . Recall that qj 1 is a 
univalent map from C\Ug -n (W) into C. Let u* be the pullback of v by go; then u* is 
f- invariant, ft is easy to verify that q-p is the limit of the pinching path starting from fp*. 
Therefore 9%] C dDJl[f}. □ 

9.3 Factoring of quotient maps by surgery 

We will prove Lemma 19.51 in the following two sub-sections. By Lemma 19.41 (c), the 
sequence {£ n } converges uniformly on any compact subset of T g . However, we have to 
take a long detour to prove its global convergence. 

The quotient map J n is uniquely determined on band-trees up to step n, which contains 
all its non-trivial fibers. In the remaining part, J n is only determined up to isotopy and 
asymptotic conformal rigidity near the band-trees. This observation suggests factoring 
the quotient maps into hard factors which are uniquely determined quotient maps, and 
soft factors which are uniformly quasiconformal maps with a certain sort of asymptotically 
conformal rigidity. We will achieve this factoring through a surgery. 

Denote by T„(l) C T„ the union of all band-trees of &/(t) with level k < n. Let W n 
and W n (t) be the interiors of J n (T n ) and £ n (7^(i)), respectively. Then W n = J n (l n \<S n ), 


£t,n '■ W n \W n (t) 
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is a conformal map and £t,n +1 — €t,n 011 0t(77), by Lemma ffTTl 

Given any n > 0, glue </> 4 (X n )) with C\W„(t) by £ t ,n- The space obtained is a punc¬ 
tured sphere. Thus there exist a unique normalized univalent map 

Pt,n ■ C\Wn(t) -> C 


and a univalent map 


jt,n '■ 0t(T,i)) —> C 


such that jt,n(^i) = Pt,n(z 2) if and only if Zj G < j) t (T n \T n (t )) and £ 2 
exists a unique rational map ff n of C such that: 


£t,n(zi)- Thus there 


ft,n+ 1 0 Pi,n+1 = Pt,n ° S' Oil C\W n+ i(0, and 

ft,n +1 0 jt,n +1 Jt,n ° ft Oil (X n _|_i) • 


Define jt, n = pt, n 0 £t,n on C\0t(X n ). Then j ( . n is a normalized homeomorphism of C and 


ft,n+ 1 0 jt,n+ 1 Jt,n ° ft- 

By Lemma 19.41 (e), ip n o^” 1 is a quasiconformal map of C and is holomorphic in g~ n (U g ). 
Recall that ip n o fa 1 is holomorphic in C\0 t (7^(f)). Thus is quasiconformal in 
C\0t(7^(i))■ So is jt,n- By the definition, j tjTl is holomorphic in </> t (X n ). Note that 
T n {t)-\X n consists of finitely many points. Hence j tin is quasiconformal in C. Meanwhile, 
is holomorphic in Uf\T n since £ n (Mf) = £o(W/) = U g U Y 0 . Thus is holomorphic in 
(j)t(U\T n {t)) and so is j t , n - Therefore j t , n is holomorphic in <f>t(U\(T n (t)'^X n )) and hence 
in (ftfUf). 

The map can be extended to a quotient map of C by defining: 


Qt,n 


Pt,n Oil Pt,n(C\W n (£)), 

6,n°it7n on jt,n ° (ft(%i)- 


By definition, = q t ^ n o j t n on C for t, n > 0. We have proved: 

Lemma 9.6. For any t,n> 0, there exist a fundamental setUf of f with (XjUX 0 ) C Uf, 
a normalized quasiconformal map j t , n of C and a normalized quotient map q t> n of C such 
that the following conditions hold: 

(1) f>t,n Qt,n ° jt,n- 

(2) jt,n is holomorphic in 

(3) qhf is univalent in C \W n (t). 

(4) There exists a rational map ft, n +i such that the following diagram commutes: 


c — c — c 


ft 


ft,n+l 


C C C 


Since j t . n is quasiconformal in C and holomorphic in (j) t (L4f), applying Lemma 14. 101 and 
Lemma [9.61 (4), we have: 
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Lemma 9.7. For a fixed t > 0, {ft, n } converges uniformly to the rational map f t and 
{jt,n} converges uniformly to the identity as n —* oo. 

Recall that Y 0 = £ 0 (<S 0 ) consists of some parabolic cycles of g and Y is the grand orbit 
of Y 0 . Thus Y = J g . Let {U y } be a pullback system of Y as defined in §8.3. Set n(y) = 0 
if y G Y 0 and n(y) = n if g n (y) G Y 0 but g n ~ 1 (y ) Y 0 . Since Wo(f) converges to Y 0 as 

t —> oo, for any r G (0,1), there exists a constant t 0 > 0 such that Wo(t) C U n (: y)=oU y ( r )■ 
It follows that W n (t) C U n(y)<nU y {r). Applying Lemma 191)1 (3) and Theorem 18.71 we 
have: 

Lemma 9.8. For any non-empty open set V <e F g . there exists a constant f 0 > 0 and a 
decreasing function C(t ) on (t 0 , oo) with C(t) -G 0 as t —» oo such that V ft W n (f 0 ) = 0 
/or n > 0 and 

V) — C(t) for t > t 0 and n > 0 . 

9.4 Convergence of the hard factors 

We want to start by comparing the maps {qt, n } if they share same parameter t or same 
step n. Note that q t _ n o j t n o fi t — £ n . For ti, t 2 , n > 0, set 

Pti,t 2 ;n jti,n ° fit\ ° fit 2 ° 3t 2 ,n- 

Then pti,t 2 ;n is a homeomorphism of C and q tl>n o p t i,t 2 ;n — qt 2 ,n • Note that 

Pti,t 2 -,n '■ —> g^^(C\W n ) 

is holomorphic since Pn,t 2 -,n = qfi] n ° Qt 2 ,n- On the other hand, 

Pti,t 2 -,n 3ti,n ° fiti ° fit 2 ° jt 2 ,n • jt 2 ,n ° fit 2 (fTn) t jn,n ° fitii'^n) 

is quasiconformal and its maximal dilatation is equal to the maximal dilatation of fit 1 °fit 2 1 
since both j tun and j t2iU are holomorphic. 

Proposition 9.9. For ti,t 2 > 0 and n > 0, there exists a quasiconformal map pt lt t 2 -n 
of C whose maximal dilatation is equal to the maximal dilatation of fin ° fif 2 > suc h that 
qti,n ° pti,t 2 \n qt 2 ,n- 

By Lemma 19.41 (d), there exists a quotient map Q n of C such that Q n is isotopic to the 
identity rel f~ n (Vf U U.fi) and f n = £„-i ° C n- It follows that / o / n +i — Cn° f- By Lemma 
14.91 {£ n } converges uniformly to the identity as n —* oo. Set 

Vt,n = (jt,n -1 ° fit) °Cn° ( jt,n ° fit)~ l ■ 

Then for a fixed t > 0, {f)t,n} also converges uniformly to the identity as n —» oo by 
Lemma E3 From q t , n o j tn o fi t = f n and f n = o ( n , we get: 

qt,n ° jt,n ° fit = qt,n —1 0 jt,n —1 ° fit ° Cn = Qt,n— 1 ° Vt,n ° jt,n ° fit- 

Thus q ttTl = q t) n-\ o r] t)U . We have proved: 

Proposition 9.10. For f, n > 0, there exists a quotient map r] t ,n of C swch that q tt7l = 
o r] t n . For a fixed t > 0, { 77 ^} converges uniformly to the identity as n —>■ oo. 
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Now we want to control the distortion of {qt, n } using the results obtained in § 8 . 

Proposition 9.11. Let w G C be a point and let U 3 w be a disk. Then for any M > 0, 
there exist a constant t 0 > 0 and a disk V d 17 with w G V such that 

mod qf : n(U'\V) > M 

for n > 0 and t > to- Moreover, the constant to can be chosen to be to = 0 if w ^ Y. 

Proof. If w G T g , then {qt, n } is uniformly quasiconformal in a neighborhood of w by 
Lemmas 19.61 and 19.91 The lemma is trivial in this case. Now we assume w G J g . 

Case 1. Assume that the cj- limit set c o{w) fl Y — 0. By Proposition 18.51 there exists 
a pullback system {U y } of Y such that w U y for y G Y. By Lemma IFTKl there exists a 
constant r 0 G (0,1) such that if 

(a) Ai C Aq are annuli in C such that Ai is contained essentially in A 0 and for any 
point y G Y, U y fl <9A 0 ^ 0 implies that U y fl A 1 = 0, and 

(b) q is a quotient map of C such that 

q - 1 : C\ 1J U^o) -> C 

n(x)<n 


is univalent for some integer n > 0, then modg _1 (Ao) > (modAi)/2. 

Let t 0 > 0 be a constant such that W(t 0 ) C C n ^ = oU y (jo). By Proposition 19.91 for 
any 0 < t < t 0 , there is a quasiconformal map pt 0 ,t;n such that q t>n = pt 0 ,t;n ° Qt 0 ,m whose 
maximal dilatation is bounded by a constant K > 1 depending only on t 0 . 

For any constant M > 0, since the diameter of U y tends to zero as n(y) -3 oo, there 
exist a disk V d U with w G V and an annulus A\ contained essentially in A := 
such that mod Ai > 2KM and for any point y &Y, U y C\dA ^ 0 implies that U y P\A\ = 0. 
Now applying Lemmas 18.81 and l9T6l (3). we have 

mod qfn (A 0 ) > ^ modAi > KM for n > 0 and t > t 0 . 


It follows that 

mod qf r ] (U\V) > M for t,n > 0. 

Case 2. Assume w = y^ G Y k . We may assume further that yk — 0 for simplicity. Set 
r\ = inf{|: 0 G dU}. For any constant M > 0, let e G (0,ri) be a constant such that 
2ee 47rM < ri — e. Let 

V = {z : \z\ < e} and A\ = {z : 2e < \z\ < r\ — e}. 

Then Ai C U\V and mod A t > 2 M. 

Let {U y } be a pullback system of Y such that the Euclidean diameter diam U y < e 
for any y G Y. Applying Lemma 18.81 for this pullback system, we obtain a constant 
to £ ( 0 , 1 ) such that for any quotient map q of C, if q : C\W n (to) —> C is univalent for 
some integer n > 0, then modg _ 1 (f/\P) > (modA!)/2. In particular, 

mod (U \P) > i mod Ai > M for n > 0 and t > t 0 . 
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Case 3. Assume uj{w) fl Y 7 ^ 0. Then there exists a point x G Y 0 such that x G i j(w). 
Without loss of generality, we may assume that g{x) = x. Since w G J g \Y, uo(w) ^ {a:}. 
Thus we may choose a pullback system {[/'} of Y such that u j(w)\U' x ^ 0. 

By Proposition 18.61 there exists a small pullback system {U y } of Y with U y d U y for 
y G y such that for each point y G Y n , if dU',C\U' y ^ 0 and n(y') > n(y), then U',C\U y = 0. 

Applying case 2 for the point x and the domain U X1 we obtain a constant r 0 G (0,1) 
and a disk V x d U x with x G V x such that W(io) C U n ( y )=oU y and for any quotient map 
q of C, if 

q 1 : C\W n (to) C 

is univalent for some integer n > 0, then mod q -1 (U X \V X ) > M. 

Since £ is a parabolic fixed point, we may assume that W fl J g C V x fl J g , where W 
is the component of (A 1 ( 14 ) containing the point x. 

Let {g nk {w)} (k > 0) be the hrst returns to 14 of the orbit {g n (w)} n >i. It is defined as 
follows: n 0 > 1 is the minimal positive integer such that g n °(w ) G 14- Since co(w)\U x ^ 0, 
there exists an integer n > n 0 such that g n (w ) ^ 14- Let ri\ > n 0 be the minimal integer 
such that g ni {w) G 14 but g ni ~ l {w ) ^ 14- Inductively, rik > rik- 1 is the minimal integer 
such that g nk (w ) G 14 but g nk ~ l {w ) 4 14- 

Recall that w G J g and W fl J g C 14 fl J g . Thus for k > 1, we have g nk ^ 1 (w) ^ W 
and hence g nfc- 1 (tc) G U yi for a certain point y 1 G W with ( 7 ( 1 / 1 ) = x. 

For each k > 1, let 14 and U Vk be the components of g~ nk (V x ) and g~ nk (U x ) containing 
the point w, respectively. Then g nk : U yk —> U x is conformal by the assumption at the 
beginning of this section. 

Given any integer n > 0, let q be a quotient map of C such that q~ l is univalent 
in C\W n (f 0 ). For each component W of W n (f 0 ) with W fl dU yk = 0, g nk (W) is also a 
component of W n (fo) which is not periodic since g nk is the first return map. Thus there 
exists a disk [4 d U' yk with U yk C Uk such that if W is a component of W„(fo) with 
W D dU Vk = 0, then W C Uk- Define hk to be equal to g nk o q on Uk and quasiconformal 
otherwise. Then hk is also a quotient map of C. By the Riemann Mapping Theorem, 
there exists a quasiconformal map 0 of C which is holomorphic in Uk such that (fro h^ 1 is 
univalent in 

c^g nk (WM n Uk) c c <mto)- 

Thus 

mod(/> o h^ 1 (L r x \14) = niod0 o g~ 1 ([/ y; .\14) > M. 

Note that (j) is conformal in Uk D U yk . Therefore mod q~ 1 (U yk \Vk) > M. In particular, 

modg t “n(b4 fc \14) > M for n > 0 and t > t 0 . 

By Proposition 19.91 there exists a constant K > 1 such that 

_ M 

mod QtJ U y k ^Vk) > -jx 

for t,n > 0. Choose an integer ko > 1 such that k 0 /K > 1 . Since the diameter of U yk 
converges to zero as k —> 00 , there are k 0 annuli U lJk \ 14 contained in U that are pairwise 
disjoint. Set V to be the smallest one of these k 0 domains 14. Then 

mod qh)n(U \R) > M for t,n> 0. 


□ 
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Lemma 9.12. The family {qt, n } (t,n > 0) is equicontinuous. 

Proof. We claim that for any point w 0 £ C and any disk U C C with Wo £ U, there exists 
a constant S(w o) > 0 and a disk V 3 Wq with V C U, such that for any q tjn , the spherical 
distance 

di st s(qf,n(dU),q~ l (V)) > 5(w 0 ). 

The claim holds for u ; 0 e T g by Lemma 19.81 Proposition 19.91 and the normalization 
condition. Now we assume wo £ J g . 

Assume oo £ T g for simplicity. Choose a constant M > 51og2/(27r). Then there 
exists a constant to > 0 and a disk V 3 wq with V C U, such that 

mod q£(U\V) > M 

for n > 0 and t > to, by Proposition 19.111 From Lemma [2.11 we have 

d ^t(q^{dU),q^(V)) > C (M)diam qf^(V) 

for all n > 0 and t > t 0 . On the other hand, there exists a disk D C V such that D <J= T g . 
Thus there exists a constant t\ > to such that D is disjoint from g~ n (Wt ) for n > 0 and 
t > ti. So there exists a constant C > 0 such that 

diarn qf^(D) > C for n > 0 and t >p. 

Take hi(wo) = C ■ C(M). Then the claim holds for t >t±. 

By Proposition 19.91 there exists a normalized quasi conformal map pti,t;n of C whose 
maximal dilatation is equal to the maximal dilatation of 0 tl o such that q tliTl o — 

q t>n . Thus is uniformly Holder continuous for all n > 0 and t £ (0, ti). In particular, 

there exists a constant 5(w 0 ) < hi(tco) such that 

> 8{w 0 ) if dist(zi, Z 2 ) > 5i (^o) 

for all n > 0 and t £ (0, ti). Now the claim is proved. By Lemma 12.71 the family {g t n } is 
equicontinuous. □ 

Lemma 9.13. For fixed t > 0, {qt, n } converges uniformly to a quotient map q t of C as 
n -3 oo, and q t ° ft — g ° qt. ■ For each filled-in skeleton S, q t o ) is a single point. 
Conversely, for each point w £ C, (q t o 0 t ) _ 1 (ta) is a single point if w ^ Y, or else is a 
filled-in skeleton of level n if w £ Y n . 

Proof. Let q t be the limit of a subsequence {qt,n k } as nk -3 oo. Then the subsequence 
{£t,r»fc = qt,n k ° jt,n k } also converges uniformly to q t as n k -3 oo since the sequence {j t , n } 
converges uniformly to the identity as n —» oo by Lemma 19.71 By Proposition 19.101 
qt,n = qt,n- 1 ° Vt,n where {rjt,n} converges uniformly to the identity. Thus the sequence 
{£t,ra fc - 1 = qt,n k - 1 ° jt,n k - 1 } also converges uniformly to q t as n k -3 oo. From 6,n-i ° ft = 
g ° 6,ni we get q t ° ft. = g ° q t . 

Let w £ Y 0 be a periodic point with period p > 1. Then 6 ” n( w ) is the (f > t -image of a 
periodic filled-in skeleton S , by Lemma ITT Thus qt{4>t{S)) = w since { jt. n } converges 
uniformly to the identity as n -3 oo. It follows that (f>t(S) C qf 1 (w). 

Consider the continuum qf 1 {w). For any point z £ hFj, with qt{z) = w, there exists 
an integer N > 0 such that ff(z) £ 4>tip() for n > N, where U is a fundamental set of / 














as defined in Lemma [9.41 Thus £t,n( z ) — Qt.(z) = w for n > N by Lemma [9.41 Therefore 
q^(w) D T ft = f t {S) TF /r 

Note that E := ft(S) fl Jf t contains only finitely many points, each of them periodic. 
There are finitely many disjoint disks in Tf t such that their union D contains ft(S) fl Tf t 
and dD fl ft(S) = E. Thus dD fl qf 1 (w) = E. We claim that each component of 
K := qf 1 (w) fl Jf t contains a point of E. Otherwise, assume that Wo, W\ C C are disjoint 
domains that both contain points of K , K c WqUWi and WqHE = 0. Then IT 0 \D has a 
component W' such that W'C\K ^ 0. Moreover, W'C\K is compact since dW' C dW 0 UdD 
has positive distance from Wo 0 K. On the other hand, W' O qf 1 (w) = W' O K since 
qf x {w) O T/ t = ft{S) 0 Tf t C D and W' 0/5 = 0. It follows that qf l (w) is disconnected. 
This is a contradiction. 

By the claim, qf 1 ^) O Jf t has only finitely many components and each of them is 
eventually periodic. From the equation q t o f t = g o q tl we see that q^{w) is a component 
of ft P {qt 1 { w )) an d ft i s univalent in a neighborhood of qt l {w) since g p (w ) = w and 
deg w g p = 1. Thus each component of qt l {w) O Jf t must be a single point by Lemma [2791 
Therefore q[ 1 (w) O Jj t = (p t (S ) O Jf t and hence q^ 1 {w) = (j>t(S). 

Let w G C<Y be a point. For contradiction we assume that g t _1 (w) is not a single 
point. Let U C C be a disk with w G U. Then 

modq^ 1 (U\{w}) = M < oo. 

Pick a disk U\3 w such that U\ C U. From Proposition 19.111 there exists a disk V 3 w 
with V C Ui, such that 


modq t ^(U 1 '^V) > M for t,n > 0. 

Since {qt,n k } converges uniformly to q t as —> oo, there exists an integer N > 0 such 

that qfn k ( u i) C qf l {U) and qfnJ V ) D ( h l ( w ) for > N - Thus 

modg^(f/i\l/) > M — mod g” 1 (//\{u;}) > mod (U } ^V). 

This is a contradiction. 

If q t is another limit of the sequence {qt,n}, then 6 := q t o gp 1 is a well-defined homeo- 
morphism of C and goO = dog. Moreover, 6 is holomorphic in T g . Thus 6 is holomorphic 
on C by Theorem 11.11 and hence is the identity by the normalization condition. Therefore 
q t = q t and hence the whole sequence {qt, n } converges uniformly to q t . □ 

Proof o f Lemma 1 .9. ,51 Parts (1) and (2) are direct consequences of Lemmas 19.61 19.71 and 
19.131 Part (3) comes from Lemma [9.81 and Corollary 18.21 □ 

9.5 Proof of Theorem 11.71 

The proof of Theorem 1 1.71 is a small modification of the proof of Theorem 1 1.51 We continue 
to use the notation from the proof of Theorem 11.51 

Proof of Theorem ]! .1\ Let g be the limit of the pinching path {f t = 4>t° f off 1 } supported 
on 80. Let ip be the limit of {ft}- Denote by W the interior of <p{Bo). 

Let D <e C\U n >oW n be a disk. Then g _1 (/5) d C\U n > 0 W n . From Theorem 18.71 and 
Lemma 19.61 there exist constants 6 < oo and to ^ 0 such that for any n > 0 and any 
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univalent map 0 : C\W n (t 0 ) —>■ C, 

D U g~ l {D )) < 5 < oo. 

Define VJt\g, D, 5] C VJld (d = deg g) by [h\ G VJl[g, D, 5] if there exists a univalent map 
0 : .DUg _1 (-D) —>■ C such that ho0 = 0ogon g~\D) and D L) g~ 1 (D)) < S. Since 
deg(g : g~ l (D) —» D) = d, %R[g, D, 5] is compactly contained in by Lemma [2751 

Let 0 : —t be the quasiconformal map whose lift is 0 to . Let v be a Beltrami 

differential supported on 0(^(f o )) with ||^||oo < 1- Let 0 be a quasiconformal map of C 
whose Beltrami differential is the lift of v. Then h = 0o/ to o0 _1 is a rational map. Repeat 
the proof of Theorem 11.51 with replaced by £ t0iTl o 0. We again obtain a sequence of 
quotient maps {q n } and a Thurston sequence {h n } of h such that q n ° h n = g ° q n+ \ and 
q- 1 is holomorphic and injective in C\W n (fo)- Thus [h] G SJl[g,D,5]. 

From the definition of a multi-annulus, there exists a quasiconformal map $ from 
to itself such that $(^(to)) C srf. Then 0 o <h _1 (^) C 0(=e/(fo))- 

For any Beltrami differential /i on ^ supported on let <f> M : &(f) —> be the 

quasiconformal map with Beltrami differential /i. Let 

$ = o $ o 0 1 : ^(/ t0 ) ->• 

Then /i(T) = /i(<f> o 0” 1 ) on &f t \Q(si/(to)) and hence /i('F) is independent of the choice 
of (jl. Let T 0 be a quasiconformal map on &(ft 0 ) such that /i('f'o) = //(<f>) on 0(j^(t o )) 
and /x(^ 0 ) = 0 otherwise. Set 4^ = T o T0 1 . Then the maximal dilatation of dR depends 
only on $ o 0” 1 and hence is bounded by a constant K < oo. 

Let h be the quasiconformal deformation of f to with Beltrami differential /r(d/ 0 ); then 
h G < 0TL[g 1 D 1 8\ and h is A'-quasi conformally conjugate to fp. Define DJl[g, D,S; K] C 
yjld by [hi] G 9J X\g, D, 5 ; K\ if h\ is K -quasiconformally conjugate to a rational map h 
with [h] G dJl[g,D,5\. Then [f g ] G 9Jl[g, D,5; K]. Obviously 9Jt[g, D,5] K] is compactly 
contained in 971^. It is easy to check that each rational map in the closure of 9JT[/, sf\ is 
geometrically finite. □ 

10 Parabolic-hyperbolic deformation 

Let g be a geometrically finite rational map with parabolic cycles. Let 22J be a collection 
of a pairwise disjoint sepals such that the closure of their union W is disjoint from V g WP' g 
and g(\V) = W. A bijection a : 20 —> 2IJ is called a plumbing correspondence if it 
satisfies the following conditions: 

(1) cr 2 = id but a has no fixed element. 

(2) a is compatible with g, i.e. cr(g(Wi)) = g(a(Wi)) for each sepal W t . 

(3) If a(Wi) = Wj, then W t and Wj touch each other and Wj is a left sepal if and only 
if Wi is a right sepal. 

(4) (non-crossing condition) If W t touches Wj at y G V' g but a (Wi) ^ Wj, then both 
Wj and a (Wj) lie on the same side of W, L U {y} U cr(Wj). 

Two plumbing correspondences a : 2U — >■ 2U and a' : 217' —y 2U' are called equivalent 
if there is a plumbing correspondence cr" : 2U" —> 20" such that all of them have same 
number of sepals and for each sepal W" G 20", there are sepals W G 20 and W' G 20' 
such that W" G W D W’ and cr"{W") C cr(W ) fl a'(W'). A plumbing combinatorics is 
an equivalence class of plumbing correspondences. 
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In this section, we will prove the following theorem - a precise version of Theorem 11.61 


Theorem 10.1. Let g be a geometrically finite rational map and letY be a set of parabolic 
cycles of g. Let 2 U = {W\, • • • , W 2m } be a collection of pairwise disjoint sepals of cycles 
in Y such that the closure of their union W is disjoint from V g \Y and g(W) = W. Let 
or : 2U —y 2T be a plumbing correspondence. Then there exist a geometrically finite rational 
map f and a non-separating multi-annulus sY C such that the following conditions 
hold: 

(1) The pinching path ft — <f>t° f ° fit 1 > 0j starting from, f = fo supported on sY 
converges uniformly to the rational map g. 

(2) Let ip be the limit of the conjugacy fi t as t —>■ oo. Let B 0 and S 0 be the unions of all 

periodic bands and skeletons, respectively; then ^(Bo^Sq) = W and for any two distinct 
components Bi, B 2 of Bo\So, 2 )) if and only if B\ and B 2 are contained 

in the same periodic band. 

Step 1. Plumbing surgery. Note that the quotient space W/ (g) is a finite disjoint 
union of once-punctured disks. Thus there is a natural holomorphic projection tt : W —» 
D* such that for each sepal W of W with period p > 1, 7r : W — )■ B* is a universal covering 
and vr(zi) = z 2 if and only if zi = g kp (z 2 ) for some integer k G Z. 

Given any 0 < r < 1, let W(r) = 7r -1 (B*(r)) and 7 Z(r) = W\W(r). Then g(JZ(r)) = 
lZ{r). Thus there is a conformal map r : 77(r 2 ) —> lZ{r 2 ) such that: 

• t(z) G cr(lTj) if z G Wi, and 

• t 2 = id and g o r = r o g. 

Define an equivalence relation on C\W(r 2 ) by Z\ ~ z 2 if r(zi) = z 2 . Then the quotient 
space is a punctured sphere with finitely many punctures. Thus there exists a finite set 
X C C and a holomorphic onto map 

p : C\W(r 2 ) ->■ C\X 

such that p(zi) = p(z 2 ) if and only if z± = r(z 2 ). 

Let S = p(9W(r)\L) U A". This is a finite disjoint union of trees whose vertex set is 
A". Let B = p(lZ(r 2 )). This is a finite disjoint union of disks. 

Step 2. The induced map after surgery. Let Wi = fHWjsW. Since g o r = 
t o g, there is a unique holomorphic map F 0 : C\p(Wi) —> C, such that F 0 op = p o g on 
C\5f _1 (W). Obviously, all the sets A", S and B are fixed by F 0 . 

Define X c C X by x G X c if x is an accumulation point of p(fP g XY). Then F 0 (A C ) = 
X c . For each component B of B, B fl X contains exactly two points. Let p > 1 be the 
period of B. Then {Tq^z)} converges to a point in BOX for any point z G B. Denote 
the point by a(B). Since each attracting petal of G at a point y G Y contains infinitely 
many points of Vg , we have a(B) G X c . Denote the other point of B fl X by r(B). 

Pick an attracting flower of g at each point y Gf whose union V satisfies the following 
conditions: 

(1) giV) C V U Y C C\WT, and 

(2) each component R of 7 Z(r 2 ) intersects dV at exactly two open arcs and r(77(r 2 ) fl 

dV) = 77(r 2 ) n dV. _ 

Then each component of p(dV\W(r 2 )) is either a Jordan curve, or an open arc whose 
two endpoints land on the same point in X. Denote by U the union of disks enclosed by 
these closed curves and open arcs together with their endpoints. Then F 0 (U) C U U X. 
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Let x E X c be a point. If x E U, then x is an attracting point of F 0 . Otherwise, let V x 
be the union of the components of U touching the point x; then V x satishes the conditions 
of Lemma [2.131 Thus the point x is a parabolic point of Fo and V x is an attracting flower 
of Fo at the point x. Obviously, each component of V x contains infinitely many points of 
p(V g \Y). The following proposition is easy to verify. 

Proposition 10.2. Let S be a component of S and let x E S O X c be a point. Let k > 1 
be the number of components of ,S'\{x}. Let D x 3 x be a sufficiently small disk such 
that D X \S has k components Ui whose closures contain the point x. Then Ui contains 
infinitely many points of p(V g ) if there exists a component B of B such that a(B ) = x 
and UiH B 0. 

Step 3. Quotient extension of the inverse map of the projection. Note that 
the map p : C\W -3 C\£> is a conformal map. We want to extend its inverse map to 
be a quotient map of C as follows. Let w : A (r, 1) —> D* be the homeomorphism defined 
in Proposition 15.11 (4). Then there exists a unique homeomorphism w : 7Z(r) -3 W such 
that ttow = wott, gow = wog and the continuous extension of ui to <9W C 87 Z(r) -3 8Y\7 
is the identity. Define 


Q = 


p- 1 : C\£> -3 C\W 
w o p _1 : B\S -3 7Z(r) -3 W. 


Then q : C\«S -3 C \Y is a homeomorphism and hence can be extended to a quotient 
map of C with q(S) = Y. Since Fo o p — p o g on C\Wi and g o w = w o g ) we have 
g o q — q o F 0 on C\g _1 (yVi)). 

Step 4. Construction of a marked semi-rational map. Each component E of 
W is a full continuum which contains exactly one point of V g . Pick a disk U(E) D E such 
that U(E)\E contains no critical values of g and 8U(E) is disjoint from P 9 . We may 
assume that all these domains U(E) have disjoint closures. Denote by Uq their union. 
Note that U(E) contains at most one critical value of g. Each component of g~ 1 (Uo) is a 
disk containing exactly one component of g -1 (W). 

Let Ui be the union of components of g -1 (t/c>) which contain a component of Wi- 
Since Wi is disjoint from V g , Once Fo is close enough to W, we may assume Fi\Wi is 
disjoint from F 9 . 

Define a branched covering F of C such that: 

(a) F(z) = F 0 (z ) on C\g -1 (Fi) and hence g o q = q o F on C\g _1 (Fi). 

(b) F : q ,_1 (Fi) -3 q , ~ 1 (Fo) is a branched covering with at most one critical point in 

and F(g” 1 ( y i)) C X, where Lj = 

It follows that: 

q-\V g ^Y) U X a CV F C q~\V g ^Y) U X, 

and = q~ 1 (fP' g '^Y) UX„. In particular, qifPp) = V g . Set V = VfUX. Then qifP) = V g , 
F(fP) = V and #{V<P F ) < oo. _ 

Since F is holomorphic in C\g^ 1 (Fi) and each component of g^ 1 (Fi) contains at most 
one point of V F , which is an isolated point of V F , we know that F is holomorphic in a 
neighborhood of V' F . By Step 2, (F, V) is a marked semi-rational map. 
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Step 5. Lift of the quotient map. For each component D of U\, g : D —> g(D) is 
proper with at most one critical value in Y. On the other hand, F : q~ 1 (D) —> F(q~ 1 (D)) 
is also a branched covering with at most one critical value in S, and degg|i) = deg F\ q -i( D y 
Since q(S) = Y, there exists a quotient map q : q^ 1 (D) —> D that coincides with q on the 
boundary such that g o q = q o F on q~ l (D). 

Define q = q on C\q ,_1 (L r i). Then q is a quotient map of C isotopic to q rel 
(C\g -1 (t/i)) U V and goq = qoFonC. 

Lemma 10.3. If U is a fundamental set of F, then q{U) contains a fundamental set of 

9- 

Proof. We only need to prove that qilA) contains an attracting flower of g at each point 
y G Y. Let S = g _1 (?/). For simplicity of notation we assume that each point in S'DX is 
fixed by F. 

Let x G S fl X a be a point. If it is attracting, then x G U. Thus there exists a disk 
D x C U with x G D such that / is injective on D x and f(D x ) d D x . Moreover, we may 
require that dD x intersects each component of S'\{x} at a single point. Then for each 
component U of D X ^S, V = q(U) is a disk and g(V) C V U {y}. 

Now suppose that x is parabolic. Then there exists an attracting flower V x of F at 
x such that V x C U. We may also require that each component of <914 \{x} is either 
disjoint from S or intersects with each component of at a single point. Then for 

each component U of V X ^S, V = q(U ) is a disk and g(V) C V U {y}. 

Denote by Vi the union of V — q(U) for all components U of D X \S if x G S fl X c is 
attracting and for all components U of if x G S fl X c is parabolic. If {w n = g n {w)} 

is an orbit in C\f/i converging to the point y as n —> oo but w n ^ y for all n > 1, then 
{z n = q~ l (w n )} converges to a point x G X a and F(z n ) = z n+ 1- Thus once n is large 
enough, the point z n is contained in either D x if x is attracting or V x if x is parabolic. So 
w n e Vi once n is large enough. Therefore Vi is an attracting flower of g at y. □ 

Lemma 10.4. The marked semi-rational map (F, V) has neither Thurston obstructions 
nor connecting arcs. 

Proof. The proof of this theorem is similar to the proof of Theorem 17.31 

Assume for contradiction that F is an irreducible multicurve of (F,V) with A(T) > 1. 
Assume futher that for each 7 e T, 7^(7 D S) is minimal in its isotopy class. Since 
F : S —> S is bijective, k = #(7 fl S) < 00 is a constant for 7 6 T. 

If k — 0, then Y j = {^( 7 ) : 7 6 T} is a multicurve of g since q : VxX — > V q XY is 
injective and q(X) = Y e V g . Noticing that g oq — q o F onC and q is a quotient map 
of C isotopic to q rel V, we have A(T) = A^) < 1. This is a contradiction. 

Now we assume that k > 0. Then there exists at most one component of F 1_1 (7) 
isotopic to a curve in Y rel V for each 7 e Y since F : S —> S is bijective. Thus for each 
7 G T, there is exactly one curve f3 G Y such that F~ 1 (/3) has a component isotopic to 7 
rel V, since Y is irreducible. Therefore each entry of the transition matrix M(Y) is less 
than or equal to 1. Because A(T) > 1, there is a curve 7 G Y such that 7 is isotopic to a 
component 6 of F~ p ( 7) rel V for some integer p > 1, and F p is injective on 5. 

Let U be a fundamental set of F that is disjoint from every curve in T. Since q(lA)XY 
contains a fundamental set of g and q is injective on C\«S, q( 7) is disjoint from a funda¬ 
mental set of g. 
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Suppose 7 intersects at least two components of S. Let /3 be a component of q( 7)\U 
such that /3 joins two distinct points in Y. Then /3 is isotopic to a component of g~ kp (/3) 
rcl V g for some integer k > 0 since ff (7 ft S) is minimal in its isotopy class and 7 is isotopic 
to a component of F~ p ( 7) rel V. Thus /3 is a connecting arc of g. This is a contradiction. 

Suppose that 7 intersects exactly one component S of S. We claim that at least two 
components of C\(y U S) contain points of V\X. 

Let Vo, V\ be the components of Cxy. If both of them contain points of V\X, then 
both of them contain a component of C\(y U S) which contains points of V\X. The 
claim is proved. Now we assume that one of them, say Vo, contains no points of V\X. 
Since 7 is non-peripheral, Vo contains at least two points of V. Thus Vo contains two 
distinct points x Q ,X\ G A". Since X c C V' F , we have x\,x 2 G X\X C . 

As S' is a tree, there exists a unique arc l C S whose endpoints are {x 1 ,x 2 ). Let 
Bq,Bi be the components of B intersecting l such that 37 G Bi. Then xq = r(B 0 ) and 
x\ = r(Bi) since a(B) G X c for each component B of B. Consequently, there exists a 
point x 2 G X c n l. Now V \/ has exactly two components Uq, U\ whose closures contain 
the point x 2 . By Proposition 110.21 each of them contains infinitely many points of V. 
Therefore, Vj \S has at least two components Uq, U[ which contain infinitely many points 
of V. The claim is proved. 

Let y = q(S). Then there exists a component (3 of <7(7)\{y} such that (3U{y} separates 
qiU'o) from q{U[). In other words, each component of C\(/3 U {y}) contains at least one 
point of Q since q(V) = Q. As above, f3 is isotopic to a component of G~ kp ((3) rel Q for 
some integer k > 0. Thus j3 is a connecting arc of (G, Q). This is a contradiction. Thus 
(F, V) has no Thurston obstructions. 

Suppose that f3 is a connecting arc of ( F,V ). We may assume that k = #(/? n S) is 
minimal in the isotopy class of (3. If k = 0, then q(/3) is a connecting arc of G. This 
ia a contradiction. Otherwise, by discussion similar to the one as above, there exists a 
component 6 of /3\<S such that q(5) is a connecting arc of G. This ia a contradiction. 
Therefore (F, V) has no connecting arc. □ 

Proof of Theorems \10.1\ and I /. 61 With the previous preparation, the proof is the same as 
the proof of Theorem 17.11 We omit it here. □ 
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